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Abstract. We study a relaxed formulation of the quasistatic evolution problem in the 
context of small strain associative elastoplasticity with softening. The relaxation takes 
place in spaces of generalized Young measures. The notion of solution is characterized 
by the following properties: global stability at each time and energy balance on each 
time interval. An example developed in detail compares the solutions obtained by this 
method with the ones provided by a vanishing viscosity approximation, and shows that 
only the latter capture a decreasing branch in the stress-strain response. 
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In the study of quasistatic evolution problems for rate independent systems a classical 
approach is to approximate the continuous time solution by discrete time solutions obtained 
by solving incremental minimum problems (see the review paper [14] and the references 
therein) . 
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In this paper we apply this method to the study of a plasticity problem with softening, 
where the new feature is given by the presence of some nonconvex energy terms. For a general 
introduction to the mathematical theory of plasticity we refer to [7], [8], [9], [10], and [12]. 
To focus on the new difficulty, due to the lack of convexity, we consider the simplest relevant 
model, namely small strain associative elastoplasticity with no applied forces, where the 
evolution is driven by a time-dependent boundary condition w(t) , prescribed on a portion 
r of the boundary of the reference configuration il C M 2 . 

The unknowns of the problem are the displacement u: il — > M 2 , the clastic strain e : O — > 
M 2 *^ (the set of symmetric 2x2 matrices), the plastic strain p: O — > M D X (the set of trace 
free symmetric 2x2 matrices) , and the internal variable z : Q — > R . For every given time 
t € [0, T] they are related by the kinematic admissibility conditions: Eu = e + p in £1 
(additive decomposition) and u = w(t) on Tq ■ The stress depends only on the elastic part 
e through the usual linear relation a := Ce, where C is the elasticity tensor. 

Given a sequence of subdivisions of a time interval [0, T] 

o = t° k <t 1 k <---<t k k - 1 <4 = t, 

we assume that an approximate solution (u k ~ , e l k ~ , p k ~ , z\~ ) is known at time t\~ . The 
approximate solution {u l k ,e % k ,p l k ,z % k ) at time t\ is defined as a solution of the following 
incremental minimum problem: 

inf {Q{e) + n{p-pl-\z-z k - 1 )+V(z)}, (1.1) 

where Q is the stored elastic energy, Tt is the plastic dissipation rate, V is the softening 
potential, while A{w{t\)) is the set of functions (u,e,p,z) such that Eu = e+p in ft, 
u = to (ij.) on T , and z e L 1 ^) . 

The details of the definition of Q , Tt , V , together with the technical assumptions which 
are needed for our analysis, are given in Section 2. For the present discussion it is sufficient 
to know that Q is a quadratic form, Tt is positively homogeneous of degree one, and V is 
strictly concave with linear growth. 

Due to the nonconvexity of the functional the infimum in (1.1) is not attained, in general. 
To overcome this difficulty, in this paper we consider a relaxed formulation of this approach 
(see Proposition 4.11). To preserve the continuity of the energy terms it is convenient to 
cast the relaxed problem in the language of Young measures. An additional difficulty is due 
to the linear growth of Tt and V , which may cause concentration effects. For this reason we 
formulate the problem in a suitable space of generalized Young measures (see [4, Section 3]). 

The next step in our analysis is the study of the convergence of the relaxed approximate 
solutions as the time step t l k — t l k ~ — > as k — > oo (uniformly with respect to i). We prove 
that, up to a subsequence, these solutions converge to a solution of a quasistatic evolution 
problem formulated in the framework of generalized Young measures. This is characterized 
by the usual conditions considered in the variational approach to rate independent evolution 
problems, namely global stability and energy balance (see Definition 4.6), suitably phrased 
in the language of Young measures. The notion of dissipation required for this purpose is 
quite delicate and relies on the theory developed in [4]. 

We also prove that the barycentres of these Young measure solutions define a function 
(u(t), e(t),p(t), z{t)) , where (u(t), e(t),p(t)) is a quasistatic evolution of a perfect plasticity 
problem (see [3]) corresponding to a relaxed dissipation function, denoted p i— » Tt e s(p, 0), 
which can be computed explicitly in terms of Tt and V . Some other qualitative properties 
of the solutions are investigated at the end of Section 4. 

This result allows to compare the globally stable solutions obtained in this paper with 
the solutions delivered by the vanishing viscosity approach of [5]. In particular, we study in 
Section 5 the globally stable evolution corresponding to the same data considered in [5, 
Section 7]. The main differences are the following. While the globally stable solution 
involves generalized Young measures, the vanishing viscosity evolution takes place in spaces 
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of affine functions, since the data in the example are spatially homogeneous. The stress 
<r(i) corresponding to the vanishing viscosity solution exhibits a decreasing branch, which 
accounts for the softening phenomenon. On the contrary, the stress of the globally stable 
solution is nondccreasing and, after a critical time, it becomes constantly equal to the 
asymptotic value of the stress of the viscosity solution. 

2. Notation and preliminary results 

2.1. Mathematical preliminaries. We refer to [5] for the standard notation about mea- 
sures, matrices and functions with bounded deformation. In particular, for every measure \i 
the symbols \x a and \i s always denote the absolutely continuous and the singular part with 
respect to Lebesgue measure. The former is always identified with its density. The symbol 
|| • || 2 denotes norm in L? , while || • l^ denotes the norm in L 1 , as well as in the space Mj, 
of bounded Radon measures. The symbol (•, •) denotes a duality pairing depending on the 
context. 

Generalized Young measures. We refer to [4] for the definition and properties of gen- 
eralized Young measures and of time dependent systems of generalized Young measures. 
The underlying measure A will always be the two-dimensional Lebesgue measure C 2 . In 
particular we refer to [4, Section 6] for the definition of barycentre of a generalized Young 
measure, and to [4, Section 3] for the notion of weak* convergence on the space GY(U; S) 
of generalized Young measures on the closure of an open subset U of R 2 with values in a 
finite dimensional Hilbert space S. 

Given v G M+(U), p G Ll(U;E), and a G L™(U), let aw v p be the element of 
M*(UxZxR) defined by 

(/,«<>= f_a(x)f(x,p(x),0)dv(x) (2.1) 
Ju 

for every / G C hom (II xExR) . Note that auu^ docs not belong to GY(U; S) since it docs 
not satisfy the projection property (3.3) of [4]. 

Given p G L 1 (f/;S), let T p : UxExR — > UxExR be the map defined by T p (x,^,ri) := 
(x, £ + rjp(x), rf) . The translation of \i G GY(U ;E) by p is the image T p (p) of p, under T p , 
that is, 

(/, T p (p)) = (f(x, £ + VP (x), V ),n(x, /?)) (2-2) 
for every / G C hom (U xExR) . 

Lemma 2.1. Let yUfc,yuG GY(U;E). Assume that [ik — 1 1 1 weakly* in GY(U; E) . Then 

T p (pk) — 1 Tpit 1 ) weakly* inGY(U;E) (2-3) 

for every p G L 1 (C7; S) . 

Proof. For every e > there exists p E G Cq(U; E) such that \\p e — p\\i < s. By the definition 
of weak* convergence 

(f(x, £ + VPe{x), r{),Hk{x, £, 77)) -> (f(x, £ + ryp E {x),ri), n{x, £, rf)) . 

for every / G C hom (U xExR) . By the projection property (3.3) of [4] we have 

\(.f(x,£ + VPe(x),v),Vk(x,£„v)) - (f(x,£,+VP( x ),v),Vk(x,£,,v))\ < 

<(ar)\p s (x)-p(x)\,fj, k (x,^,'n))= / a\p e (x) -p(x)\dx < ae , 

Ju 

whenever \f(x, £1, 771) — f(x, £2, ??2)| < — 62I + \vi ~ %!) , and the same inequality holds 
for /i . Since e is arbitrary, under the same hypothesis on / we obtain 

{fix, £ + VP(x), v),Vk(x, £, rf)) -» (f(x, £ + m>(x),T)), fj,(x, £, rf)) . 

The conclusion follows from the density result proved in [4, Lemma 2.4]. □ 



4 



G. DAL MASO, A. DESIMONE, M.G. MORA, AND M. MORINI 



2.2. Mechanical preliminaries. We now introduce the mechanical notions used in the 
paper. 

The reference configuration. Throughout the paper il is a bounded connected open set 
in R 2 with C 2 boundary. Let Tq be a nonempty relatively open subset of dfi with a finite 
number of connected components, and let Ti :— dfl\T a . 

On To we will prescribe a Dirichlet boundary condition. This will be done by assigning 
a function w e i/ 1/,2 (r ; R 2 ) , or, equivalently, a function w e _ff 1 (f7;M 2 ), whose trace on 
T (also denoted by w) is the prescribed boundary value. The set Ti will be the traction 
free part of the boundary. 

Admissible stresses and dissipation. Let if be a closed strictly convex set in M 2 3 x2 xK 
with C 1 boundary. For every value of the internal variable ( £ 1, the set 

K(0:={o-eM 2 * 2 :(o-,0&K} (2.4) 

is interpreted as the elastic domain and its boundary as the yield surface corresponding 
to ( . We assume that there exist two constants A and B , with < A < B < oo , such that 

{(a,C) € M^ x2 xt : |a| 2 + |C| 2 < A 2 } C K C {(a,Q e M^ x2 xK : \<j\ 2 + \(\ 2 < B 2 } . (2.5) 

We assume in addition that 

(a,QeK =► (0,0 G K, (2.6) 
(*,()€ K =► ((r-OeX. (2.7) 
Together with convexity, (2.7) yields 

(<T,C)e-Ff (<T,0)eK <^=> creif(o). (2.8) 

Let 7Tr: M^xl — > R be the projection onto R. The hypotheses on K imply that there 
exists a constant ax > such that 

7m(A') = [-ajf,o J f]. (2.9) 
The support function H : M^xR -> [0, +oo) of if, defined by 

H(£,6):= sup { CT + (2-10) 

will play the role of the dissipation density. It turns out that H is convex and positively 
homogeneous of degree one on M^ x 2 x R . In particular it satisfies the triangle inequality 

# (a + ft + 2 ) < # (a, #i) + h(Z2,o 2 ) . (2.ii) 

Let 3> be the gauge function of K according to [18, Section 4]. Since $ 2 is strictly convex 
and differentiable, and \H 2 = (|$ 2 )* , by [18, Theorem 26.3] the function H 2 is strictly 
convex and differentiable, so that the set {(£,0) € M 2 - ) x2 xR : H(£,8) < 1} is strictly convex 
with C 1 boundary. The same property holds for the sets 

{(£,0) G M 2 3 x2 xM : H(£,6)+c6 < 1} (2.12) 

for every cel. 

From (2.5) it follows that 

AVICI 2 + 2 < H(£, 9) < BVICI 2 + 9 2 , (2.13) 
from (2.6) and (2.9) we obtain 

H(Z,6)>H(O,0) = a K \6\, (2.14) 

while (2.7) implies 

H(£,O) = H(Z,-0). (2.15) 
It follows from (2.8) and (2.10) that 

H{£,0)= sup (2.16) 
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so that H(-,0) is the support function of K(0) in M^ x2 . 

Using the theory of convex functions of measures developed in [6], we introduce the 
functional H: M b (O; M^ x 2 )xM b (O) -» M defined by 

H(p,z):= [_H(£(x),£(x))d\(x), (2.17) 

where A £ M b + (Q) is any measure such that p « A and z << A (the homogeneity of H 
implies that the integral does not depend on A). Using [6, Theorem 4] and [19, Chapter II, 
Lemma 5.2] we can see that H(p, z) coincides with the integral over Q, of the measure studied 
in [19, Chapter II, Section 4], hence H is lower semicontinuous on M(,(fl;M^ x2 )xMj,(fi) 
with respect to weak* convergence of measures. It follows from the properties of H that 7i 
satisfies the triangle inequality, i.e., 

H(pi+p2,z 1 + z 2 ) <H(pi,z 1 )+H( P 2,z 2 ) (2.18) 

for every pi,p 2 £ M^QjM 2 ^ 2 ) and every zi,z 2 £ M b (Tt). 

The elasticity tensor. Let C be the elasticity tensor, considered as a symmetric positive 
definite linear operator C : M 2 *^ -+ M 2 *^ . We assume that the orthogonal subspaces M 2 -* 2 
and M.I are invariant under C. This is equivalent to saying that there exist a symmetric 
positive definite linear operator Co - M 2 ^ 2 — > M 2 -,* 2 and a constant k > 0, called modulus 
of compression, such that 

CZ:=C D Z D + K(ixt)I (2.19) 
for every £ £ M 2 *^ . Note that when C is isotropic, we have 

C£ = 2/i6, + K(tr£)/, (2- 2 °) 
where /i > is the shear modulus, so that our assumptions are satisfied. 

Let Q: M 2 ^ — > [0, +oo) be the quadratic form associated with C, defined by 

0(0 := iCC ■£ = \<Cd^d : £d + f (tr£) 2 . (2.21) 
It turns out that there exist two constants ac and /3c , with < ac < Pc < +°° , such that 

a c \e < 0(0 < (3c\e (2.22) 
for every £ € M 2 ^ . These inequalities imply 

|C0 < 2fc\t\ ■ (2.23) 

The softening potential. Let V : R — > M be a function of class C 2 , which will control the 
evolution of the internal variable and consequently of the set K(() of admissible stresses. 
We assume that there exist two constants by > and My > such that for every S e 1 
and 6 £ R \ {0} 

-M v < V"{6) < 0, (2.24) 
lim V'{9) = - lim U'(6>) = by , (2.25) 

— *■ — oo 0^-\-oo 

< by < a K , (2.26) 
V°°(6) <V{6 + 6)-V{6), (2.27) 
where aK is the constant in (2.9), and V°° denotes the recession function of V , defined by 

V°°(9) := lim Y^l = -by\6\. (2.28) 

t^+-oo t 

Note that (2.25) is satisfied when V is even, while (2.27) is satisfied when V is strictly 
concave. From (2.27) it follows that for every R > there exists a constant cr > such 
that 

V'{6)6- V°°{6) > CR \e\ (2.29) 
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for every 6,6 el with \6\ < R. 

From (2.14) and (2.26) it follows that there exists a constant Cy > such that 

#(6 - £i,02 - Ox) + V(6 2 ) - V(0i) > |6 - 61 + \0 2 - 9i\ (2.30) 

for every 6,6 € M^ x2 and every 61,62 S R (see [5, Subsection 2.2]). 
It is convenient to introduce the function V°° : M&(fi) — > R defined by 

Jn 

where A e M^(Q) is any measure such that z « A, and the function V: L x (fi) — ► R 
defined by 

V(z) := / V(z(x))dx. 
Jn 

The definition is extended to Mb(Q) by setting 

V(z) :=V(z a ) + V°°{z s ) 

for every z <G M(,(Q). 

The prescribed boundary displacements. For every t <G [0, +00) we prescribe a bound- 
ary displacement w(t) in the space H 1 (0; R 2 ) . This choice is motivated by the fact that we 
do not want to impose "discontinuous" boundary data, so that, if the displacement develops 
sharp discontinuities, this is due to energy minimization. 

We assume also that w e ACi oc ([0, +00); H 1 ^; R 2 )) , which means, by definition, that 
for every T > the function w belongs to the space AC([0, T]; i? 1 (fi; R 2 )) of absolutely 
continuous functions on [0, T] with values in i? 1 (fi;R 2 ), so that the time derivative w 
belongs to L 1 ([0, T]; i? 1 (0; R 2 )) and its strain Ew belongs to L 1 ([0, T];L 2 (Q; M 2 *^)) . For 
the main properties of absolutely continuous functions with values in reflexive Banach spaces 
we refer to [2, Appendix]. 

Elastic and plastic strains. Given a displacement u e BD(Vl) and a boundary datum 
w € -ff^tyR 2 ), the elastic sfrain e e L 2 (Q;M 2 ^) and the p/astic strain p e M^jM^ 2 ) 
satisfy the weaA; kinematic admissibility conditions 

Eu = e+p infi, (2.31) 
p= (ic-bJOjiH 1 onr , (2.32) 

where n is the outward unit normal, denotes the symmetrized tensor product, and H 1 is 
the one-dimensional Hausdorff measure. The condition on To shows, in particular, that the 
prescribed boundary condition w is not attained on To whenever a plastic slip occurs at 
the boundary. It follows from (2.31) and (2.32) that e = E a u — p a a.e. in £1 and p s — E s u 
in fl. Since trp = 0, it follows from (2.31) that divu = tre e L 2 (fl) and from (2.32) that 
(w — u) ■ n = H 1 -a.e. on To , where the dot denotes the scalar product in R 2 . 

Given w G _ff 1 (il;R 2 ), the set A{w) of admissible displacements and strains for the 
boundary datum w on r is defined by 

A(w) :={(u,e,p) e BD(il)xL 2 (Vl; M 2 *^ ) x M b (O; M 2 ^ 2 ) : (2.31), (2.32) hold}. (2.33) 

The set A reg (w) of regular admissible displacements and strains is defined as 

A reg (w) := AH n «' c 1 (fi;R 2 )xL 2 (f7;M 2 ^)xL 1 (f7;M 2 , x2 )) . (2.34) 

Equivalently, (u,e,p) G A reg {w) if and only if u E (fl; R 2 ) n BD(Q) , e € L 2 (ft;M 2 j^), 
p € Z/^QjM 2 ^ 2 ), £u = e+p a.e. on ft, and u = w T^-a.e. on r . 

The stress. The stress a e £ 2 (f2; M 2 *^) is given by 

(T := Ce = Cnec + K(tre)/, (2.35) 
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and the stored elastic energy by 

Q(e)= f Q{e{x))dx = \{a,e). (2.36) 
Jo. 

It is well known that Q is lower semicontinuous on L^f^M 2 *, 2 ,) with respect to weak 
convergence. 

If a e L 2 (0;Mg^) and diver e L 2 (0;R 2 ), then the trace of the normal component of 
a on 9f2 , denoted by [an] , is defined as the distribution on <9f2 such that 

(Hi)ffl := (div<T,V) + (2-37) 

for every V € ff^fylR 2 ). :t turns out that M G H~ 1/2 (df7; R 2 ) (see, e.g., [19, Theo- 
rem 1.2, Chapter I]). We say that [an] = 0on Ti if ([an],ip) dn = for every tp E H 1 ^; R 2 ) 
with tjj = Ji 1 on r . 

3. Relaxation of the incremental problems 

In this section we study different forms of relaxation of the incremental minimum prob- 
lems. 

3.1. Convex envelope of the nonelastic part. In this subsection, given (£o,0o) <= 
M 2 -, x2 xR, we study the convex envelope of the function 

F{S,6):=H(Z-Z O ,0-6 O ) + V(0). (3.1) 

Setting £ = £ — £ and 9 = 9 — O and subtracting the constant V(9 ), it is enough to 
study the convex envelope of 

G(l 9) := H(l 9) + V(9 + 9 ) - V(9 ) . (3.2) 

Let G°° be the recession function of G , defined by 

G-(i,0):= km M^). 

t^+oo t 

By the homogeneity of H it follows that 

G 0O (i,6) = H(i9) + V 0O (9). (3.3) 

Lemma 3.1. For every (|,0) € M 2 D x2 xR we have 

coG(i,9) = co G°°(i, 6), (3.4) 

where CO denotes the convex envelope in M^ x2 xl. In particular, coG does not depend on 
O and is positively homogeneous of degree 1 in (£, 0) . 

Proof. As V is concave, we have V(9 + O ) — V(6o) > V°°(9), which gives 

G>G°° and coG>coG°°. (3.5) 
Since G > by (2.30) and G(0, 0) = 0, we have coG(0, 0) = 0, so that by convexity 

coG<(coG)°°, (3.6) 
where (coG)°° is the recession function of coG, defined by 

t^+oo t 

On the other hand, since coG < G, we have (coG)°° < G°° , which implies (coG)°° < 
coG°° . Therefore, (3.6) gives coG < coG°° , which, together with (3.5), yields (3.4). □ 
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Let us define H eS : M^ x2 xM -> M by 

H cS :=coG°°. (3.7) 

By the previous lemma the convex envelope coF of the function F introduced in (3.1) is 
given by 

CQF(t,0) = H eB (Z-Z o ,0-6 ) + V(e ). (3.8) 
As H e g is convex and positively homogeneous of degree 1 , it can be written in the form 

H eS (£,6)= sup {a:<£ + C0}, (3.9) 

where K eS = {(a,Q G M^ x2 xR : H* s (a 7 C) < 0} (see, e.g., [18, Theorem 13.2]), and 
H* H = xk,, {{ , where for every set E C M^ x2 xl the indicator function \e is defined by 
Xe{o~,() = if (a, C) G E, xe(&X) = +°° otherwise. Since H cB = coG°°, we have that 
H* H = (G°°)* , so that 

K cB = {((7,0 G MfxR : (G°°)*(cr, Q < 0} . 

Since V°°(9) = min{oy#, — byO} by (2.28), the function G°° can be expressed as the 
minimum of two convex functions, namely 

G°°(£, 6) = min{i?(£, 6) + b v 0, H(£, 0) - b v 0} . (3.10) 

Therefore 

(G°°)*(cr, C) - max{ir>, C - by), H*(a, C + by)} . 
Since if* = Xif , we obtain 

XK rff = (G°°)* = max{xx+(o,bv)>X/f-(o,bv)} , 

which implies 

K cB = (K+ (0, 6v)) n (K - (0, M) • (3.H) 

Using (2.26), (3.11), and the strict convexity of K , it is easy to check that K eB is a bounded 
closed convex set and that 

(0, 0) e K cB C K cB C K . (3.12) 

Lemma 3.2. For every {£,6) e M 2 * 2 xR we have 

if eff (£,0) = G(£,0) (£,*) = (0,0), (3.13) 

ff cff (£,0) = G°°(£,0) ^ = 0. (3.14) 

Proof. By (2.10), (3.9), and (3.12) we have 

H eS (£,6) <H(£,6) for every (C, 0)^(0,0). (3.15) 

If if eff (£, 6) = G(£, 0) , by (3.5) and (3.7) we have G(£, 6) = G°°^, (9) , which gives V°°(6) = 
V(6+6 )-V(6 ) thanks to (3.2) and (3.3). By (2.27) this implies (9 = 0, so that H eS (£,0) = 
G(£, 0) = if (£, 0) . By (3.15) we deduce that £ = 0. This concludes the proof of (3.13). 

On the other hand, if ff eff (£,0) = G°°(£,0), from (3.3) we obtain ff eff (£,0) = if(£,0). 
By (3.15) we deduce £ = 0, which concludes the proof of (3.14). □ 

Lemma 3.3. For every (£,0) G M^xK we have 

coG°°(£,0) = co e G°° (£,#), (3.16) 

where cog denotes the convex envelope with respect to 9. Moreover there exist 6 G ffi. and 
a G [5,1]; such that 

= a§ + (1 - a){-6) , (3.17) 

H cB (£,d) = G°°(te). (3.18) 
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Proof. Let 

A® := {(£,0) e M^ x2 xM : < 0, ff(£, 6>) + M < 1} , 
A® := {(£,0) e M^ x2 xR : 6> 0, H(£,0)-b v O < 1} , 
and A := A 9 U # = {G°° < 1} (see (3.10)). By (2.15) we have 

K,9)eA e <s=^ ((,4)eA e . (3.19) 

Since G°° is positively homogeneous of degree 1, we have coA = {coG°° < 1} and cogA C 
{cogG°° < 1} , where cogA is the smallest set containing A, which is convex with respect to 

, i.e., its intersections with all lines {£ — const.} are convex. To prove that coA = cog A, 
it is enough to show that cogA is convex. By (3.19) we have that (£, 0) <G cogA if and only 
if there exists 0® € R such that |#| < 6>® and (^ ffi )eA e . Since ^4® is convex, from this 
property it is easy to deduce that cogA is convex, hence co^4 = cog A. It follows that 

cogA c {co e G°° < 1} C {coG°° < 1} = co A. 

This implies that {coG°° < 1} = {co e G°° < 1}. Since both functions coG°° and co e G°° 
are positively homogeneous of degree 1 , we conclude that coG°° = cogG°° . 

By homogeneity, to prove (3.17) and (3.18) it is not restrictive to assume that H e g(^, 0) = 

1, so that (£,6) E co A. From the previous discussion it follows that there exists 0® £ R 
such that \0\ < 0® and (£,6®) <G A®. In particular we have H eS (£,-0®) < G°°(£,-0®) < 1 
and H eS (£,0®) < G°°(£,6>®) < 1. By convexity we have H cS ^,-0®) = H eB (£,0®) = 1, 
which implies G°°(£,-0 e ) = G°°(£,6>®) = 1. To conclude the proof of (3.17) and (3.18) it 
is enough to take = 0® if > 0, and = -0® if < 0. □ 

Lemma 3.4. Let (£ o ,0o) G M^ x2 xM with (£ ,#o) ^ (0,0). Assume that H eS (£ ,6 ) = 
G°°(^o,^o)- 7%en 0q ^ and £/ie common tangent hyperplane to the graphs of H e s and 
G°° at the point (£o, 0o, G°°(£oj #o)) * s ^ e <7rcipft of the linear function 

0) := d C G°°(£ , 0o)£ + ^G°°(£o, #o)0 . 

Lef G := {(£,0) e M^ x2 xR : L(£,0) = G°°(^fl)}. T/ien either C = {(A£ , A6> ) : A > 0} or 
G = {(A£ , \e ) : A > 0} U {(A£ , -A0 O ) : A > 0} . 

Proof. The inequality 6*o ^ follows from (3.14). Therefore G°° is differentiable at (£o 5 #o)- 
Using the convexity of H c g and the inequality i? c ff < G°° , we deduce that H c s is differ- 
entiable at (£076*0) and its partial derivatives coincide with those of G°° . The formula for 
the tangent hyperplane follows easily from the Euler identity. 

By (2.15) and (2.28) we may suppose 0q > 0. By the homogeneity of the problem it is 
not restrictive to assume that H e g(£o,0o) — G°°(£o>#o) = 1. Then the set {L = 1} is the 
common tangent hyperplane to the hypersurfaces {H c ff = 1} and {G°° = 1} at the point 
(fo,0o)- As G°°(£,6>) =H(£, 6)-b v 6 for > and the set {(£,#) € M^ x2 xR : H(^,0) - 
b v < 1} is strictly convex by (2.12), we deduce that {L = 1} n {G°° = 1} n {0 > 0} = 
{(Co, Oo)} ■ If the set {L = 1} n {G°° = 1} n {0 < 0} is empty, then G = {(A£o, X0 O ) : A > 0} 
by homogeneity. 

Suppose {L = 1} n {G°° = 1} n {6» < 0} ^ . Since L < H cff by convexity, if (£1, 6>i) e 
{L = l}n {G°° = l}n {0 < 0} we have 1 = L(&,0i) < fl«ff(£i,0i) < = 1- 

Therefore, the same argument used for (£o,#o) shows that 

{L = 1} n {G°° - 1} n {0 < 0} - {(a, 0i)} • (3.20) 

This implies 

{L = l}n{G°° = l} = {(£ ^o),(a^i)}- (3.21) 
Let us prove that £1 = £0 and #1 = — 0q. Let 5 be the open segment with endpoints 
(£o,0 0) and (£i,#i). As L = 1 on the endpoints, it is L = 1 on S. As if e ff = 1 on the 
endpoints, by convexity we have i? e ff < 1 on S . On the other hand, since the graph of L 
is tangent to the graph of H e g , by convexity we also have L < H c g . Therefore H c tf = 1 
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on5. By (3.21) we have G°° ^ 1 on S. As H cS < G°° , we conclude that H eS = 1 < G°° 
on S. 

Let us fix {£,6) e 5. Then (£,6>) G {ff cff < 1} = co{G°° < 1}. As G°°(£,9) > 1, by 
the previous lemma there exist 9® and 9® with 9® < < 9® , such that 0® < 9 < 9® , 
(£,6> e ) e {G°° < 1}, and (£,0®) G {G°° < 1}. As L < H cS by convexity and H cS < G°° 
by definition, we have L(£, 6 6 ) < 1 and L(£, 0®) < 1 . Since 6 6 < 6 < 6® and (9) = 1 , 
we deduce from the linearity of L that L(£, 9®) = L(£, 9®) = 1 . Using again the inequality 
L < G°° , we find G°°(£, 9®) > 1 and G°°(£, 9®)>1. Since the opposite inequality follows 
from the definition of 9® and 9®, we also obtain G°°(£,6l®) = G°°(£,6>®) = 1. Therefore, 
(3.21) yields £ = £ = £i , 9® — #i , and 0® = 6> . This implies that the straight line 
{(£o,#) : # G K} belongs to the hypcrplanc {L = 1} . Since by (2.15) and (2.28) the 
point (£o) — @o) belongs to {G°° = 1}, we deduce that 9\ = — 9q by (3.20). This concludes 
the proof of the equality {L = 1} n {G°° = 1} = {(£o,#o), (£o, — #o)}, which implies that 
G = {(A£ , A0 O ) : A > 0} U {(A£ , -A0 O ) : A > 0} by homogeneity. □ 

Lemma 3.5. Let (£ A) GM^xK with (£ o ,0o) ^ (0,0). A ssume that there exist 9 > \9q\ 
such that H eS (£ ,6 ) = G°° (£ ,6) . Then9>0. Let L: M^ x2 xK — > M be a linear function 
such that L < H cS and L(£ ,0 ) = H cB (£_ ,9 ), and let C := {(£,0) e M^ x2 xR : L(£,0) = 
G°°(£, 6»)} . Then C C {(A£ , A0) : A > 0} U {(A£ , -A0) : A > 0} . 

Proof. If = 1 6*o |, the result follows from the previous lemma. If 6> > |6*o|, the affine 
function 9 i— » £(£cii #) is bounded from above by G°°(£o7 0) at the endpoints of the interval 
[—9,6] (recall that L < H e s < G°°) and coincides with G°°(£o,#) at the interior point 9$. 
Therefore, L(£ ,6) = H eS (£ ,6) = G°°(£,o,9) for every 9 G [-6,9]. The result follows by 
the previous lemma with 9q replaced by 9 . □ 

3.2. Relaxation with respect to weak convergence. We begin with a result that can 
be easily deduced from [1]: every (u,e,p) of the admissible set A(w) introduced in (2.33) 
can be approximated by triples (uk,ek,Pk) in the set A reg (w) introduced in (2.34), so that 
Uk satisfies the boundary condition Uk — w W 1 -a.c. on r . 

Theorem 3.6. Let w G i/ 1 (0;]R 2 ) and let (u,e,p) G A(w) . Then there exists a se- 
quence (iik,ek,Pk) G A reg (w) such that Uk — u weakly* in BD(fl), e^ — > e strongly in 
L 2 (ft;M^ x ™), Pk^P weakly* in M b (U;M 2 ^ 2 ) , ||p fc ||i -» ||p||i, and \\ Pk - p a \\i -> \\p s '\\i- 

Proof. By [1, Theorem 5.2] for every k there exists a function ipk G M 2 ) such that 

HV'felli < i> ipk^w-u T^-a.e. on T , ||div0 fc || 2 < and 

H^fclli < js\\w - u||i,r„ + £ = b s ||i,r„ + £ , 

where || • || i 5 r denotes the norms in L^i(r ;K 2 ) and in M b (To; M 2 ^ 2 ) . We define Vk := 
u + tpk and we note that Vk = w 7i 1 -a.e. on To . By [1, Theorem 5.1] there exists a sequence 
in BD(fl)nW^{n;R 2 ), with wj^ = u fe = 10 T^-a.e. on T , such that -» w fe strongly 
in L\fl;R 2 ), divv 1 ? -» divi; fe strongly in L 2 (f2), £v fe weakly* in M 6 (fi;M^), 

and 

lim \\Ev? -E a u-EMi= I™ ||^ - ^fclli = ll^'«fc||i,n = Iblli.n , 

m— >oo m— >oo 

where || • ||i,n denotes the norm in M(,(Q; M 2 -^ 2 ) . By approximation it is clear that we can 
find a sequence m,k oo such that, setting uu := v™ k , we have Uk G BD(£Y) n Wj ' (fi; M 2 ) , 
Uk = w 7i 1 -a.e. on To, Ufe — ^ u weakly* in BD(fl), divu^ — » divu strongly in L 2 (f2), and 

limsup||Su fe -S a u||i < ||p s ||i . (3.22) 

k^oo 

Setting efc := + idivM^/ and p^ '■= Euk — e^, we clearly have that ej. — > e strongly 
in L 2 (f7;M 2 ^) and p fc p weakly* in M b (U; M 2 ^ 2 ) . Since - E a u = \ (divu fe - 
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divu) I + Pk — P a , from (3.22) it follows that 

limsup||pfe -_p a ||i < ||p s ||i . 

k — >oo 

By lower semicontinuity this implies that \\pk — p a \\i — * \\p B \\i and ||f>fc||i — > ||p||i- D 

To deal with the inner variable z we need a technical lemma concerning the approximation 
of measures on product spaces. 

Lemma 3.7. Let Si and S 2 be finite dimensional Hilbert spaces. Let pi G M&(fi;Hj) for 
z = l,2 and let p\ be a sequence in L x {Cl; Si) such that p\ — 1 p\ weakly* in Mb(Cl; Si) and 
\\Pi\\i — > ||pi||i- Then, there exists a sequence p\ in L 1 (f2;S2) smc/i i/iat p 2 ~ ^ 2?2 weakly* 
in M&(f2;S 2 ) and ||(Pi,P 2 )||i — * ll(Pi>P2)l|i> where the norms are computed in the product 
Hilbert structure of SixS 2 . 

Proof. First of all we observe that \p^ \ — \pi\ weakly* in Mb(Cl) . We decompose p 2 as 

P2 = P21 + P22 , 

with p2i,f>22 G M&(fi;E 2 ), |p 2 i| << \pi\, and |p 22 | _L \pi\. 

Let us construct a sequence p 2 i m £ X (^; E 2 ) such that p 21 — ^ P21 weakly* in Mb(Q; S 2 ) 
and ||(Pi,P2i)lli ~~ > ll(Pi)P2i)l|i- As |p 2i | << |pi| , we have p 2 i =^bi| for a suitable density 
ip G L| pi , (O; S 2 ) . Let r/> m be a sequence in C(f2;S 2 ) which converges to ip in Ll, (Cl; S 2 ) , 

so that (a/1 + IV'ml 2 , bi|> — » (a/ 1 + IV'I 2 ) bi|) = ||(pi)P2i)||i, as to — > 00. For every to 
let p^f := ^ Irfl, so that p*™ ^ V>mM weakly^ in M fc (n ; S 2 ) and ||(pf,p§P)||i - 
+ iV'mlMpil), as > 00 . Let_B fl := {p G M 6 (0;S 2 ) : ||p||i < R} , with > ||p 2 ||i. 
Since ip m converges to xp in L| , (f2;H 2 ) we have VVnlfil <= ^fl f° r m large enough. As 
\Pi \ ~^ \Pi\ weakly* in Mb(Cl), for these values of to we also have p 2 ™ € Bj? for k large 
enough. Since the weak* convergence is metrizable on Br, we can construct a sequence 
TOfc — > 00 such that P21 := P 2 ™ fe satisfies the required properties. 

Using convolutions it is easy to construct a sequence p 22 m ^(Cl; S 2 ) such that p 22 — p 22 
weakly* in M b (n ; S 2 ) and ||p| 2 ||i -> ||p 22 ||i. 

Let p§ : — P21 + P22 • Then p\ — 1 p 2 weakly* in Mb(0; S 2 ) . It remains to prove that 

lim sup \\(p\,p\)\\x < \\(pi,P2)\\i. (3.23) 

k^oo 

By the triangle inequality and by the properties of an d P22 5 we have 
lim sup 11(^,^)11! < lim \\(p k 1 ,p k 21 )\\ 1 + lim ||(0,j&)||i = 

fc^oo fe^oo fe^oo 

= ||(P1,P21)||1 + ||(0,J>22)||1 = ||(P1,P2)||1, 

where the last equality follows from the fact that the measures (pi,P2i) and (0,f> 22 ) are 
mutually singular. □ 

Let H cS : M b {CL; M 2 D x2 )xMi,(fi) -> M be the functional defined by (2.17) with H replaced 
by H cS . 

Theorem 3.8. Let e G L 2 (Cl;M 2 * 2 ), let z G M b (Cl) , let w G H^-^R 2 ), let (u,e,p) G 
A(w) , and let z G Mb(Cl) . Then for every e weakly in L 2 (Cl; M 2 *^) , Pk P weakly* 

in Mb(Cl; M 2 ^ 2 ) , — ^ z weakly* in M b (Cl) , we have 

Q(e + e) + W e ff(p, «) + V(z ) < liminf{Q(e + e k ) + W(p fc) z fe ) + V(z + z k )} . (3.24) 

Moreover, there exist a sequence (uk,ek,Pk) G A reg (w) and a sequence Zk G L 1 (0) such 
that Uk — 1 m weakly* in BD(d), ek — > e strongly in L 2 ; (fl;M^) ; Pk ^ P weakly* in 
M b (Ti; M 2 ^ 2 ) , z k ^z weakly* in M b (Ct) , and 

Q(e Q + e) + Weff(p, 2) + V(z ) > limsup{Q(e + e fc ) + W(p fc) z fc ) + V(z + z fe )} . (3.25) 
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Proof. Owing to the lower semicontinuity of Q and H e s (see the comments after (2.17) and 
(2.36)), inequality (3.24) follows from the inequality H e s(pk 7 Zk) < H(pk, Zk) + V(zo + Zk) — 
V(zo), which is a consequence of (3.4) and (3.7). 

We observe that it is enough to prove (3.25) when zo belongs to L 1 ^) and is piecewise 
constant on a suitable triangulation. Indeed, there exists a sequence Zg of piecewise constant 
functions which converge to z§ strongly in L 1 (il). For every n let (u k , e k ,p k , z k ) be a 
sequence satisfying the second statement of the theorem as k — > oo , with z replaced by 
z™. Then 

Q(e + e)+ H cS (P, z) = Hm {Q(e + eg) + W(pg, z£) + V(z n + z%) - V(z ")} . (3.26) 

k — *oo 

By (2.25) and by the definition of V we have 

V{zl + zS) - V(zS) - [V(z n k + z ) - V(z )) < 2b v \\z% - • 

Therefore, for every n 

limsup{Q( eo + eg) + W(p£, + V(z + z£) - V(z )} < 
fe^oo (3.27) 
< Q(e + e)+H eS {p,z) + 2b v \\z% - zgh ■ 

By a standard double limit procedure it is then easy to construct a sequence (u k ,e k ,p k , z k ) 
satisfying the second statement of the theorem. 

Moreover, we may also assume that (u, e,p) G A reg (w) and z G L 1 (17). Indeed, in 
the general case, combining Theorem 3.6 with Lemma 3.7 we can construct a sequence 
p m ) G A reg (w) and a sequence z m G L 1 ^) such that u m — u weakly* in BD(Q) , 
e TO — > e strongly in L 2 (f2;M 2 * m ), p m ^ p weakly* in M b (0;M^ x2 ), z m z weakly* in 
Mb(Q), and ||(p m ,z m )||i — > z)||i- By [17, Theorem 3] (see also [11, Appendix]) these 
properties imply that 

Q(eo + e m ) + H e s(p m , z m ) — > Q(eo + e) + H e s (p, z) 

and the conclusion of the theorem can be obtained by a standard double limit procedure. 
Let us fix a piecewise constant function z G L 1 (il) . Let 

G (x, £, 0) := H(£, 9) + V(6 + z (x)) - V(z (x)) , 

let 

G l {x,^,e):= / inf {\Go(x^ + ^,6 + 9 1 ) + (l-\)Go(x^ + ^,6 + e 2 )}, 
and let 

G 2 (z, £,#):= inf {AGi(a;,£ + £,0 + 0i) + (1 - A)Gi(a;,£ + 6,0 + 6 2 )} , 
(A,Ci,C2,ei,6» 2 )eA 

where A is the set of vectors (A, £i, £ 2 , #i, 2 ) with < A < 1, £i,£ 2 € M|, x2 , 6>i,0 2 G R, 
A£i + (1 — A)£ 2 = 0, and X61 + (1 — A)6* 2 = 0. As Go is globally Lipschitz continuous in 
(£, 9), uniformly with respect to x, it follows that G\ and G 2 satisfy the same property. 
Moreover, G\ and G 2 are piecewise constant in x, uniformly with respect to (£, 6*) . It is 
easy to see that 

4 

co (5 , e) G (z, £, 0) < G 2 (x, t,0)<J2 X i G °( x > Si> e i) 

i=l 

whenever (£,9) = ^ i=1 A,(£j, 9{) with Aj > and 5Z j=1 Aj = 1. By the Caratheodory 
Theorem we conclude that G 2 = co(^_ e )Go = -ff e ff • 

To conclude the proof, using a standard double limit procedure, it is enough to show 
that for every i = 1,2, (it, e,p) G A reg (w), z G i 1 (fi), and 77 > there exist a sequence 
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(uk,ek,Pk) € A reg (w) and a sequence Zk € satisfying the properties of the second 

statement of the theorem and such that 

Gi{p, z) + r]> limsup</j_i(p fe , z k ) , (3.28) 

k^oo 

where 

Qi(p,z) := / Gi(x,p(x),z(x))dx 
Jn 

for i = 0,1,2. 

Using the approximation argument introduced in [13] we can also assume z <E C°°(Q) n 
L 1 ^), u g C°°(ft;IR 2 ) n B£)(fi), p g C°°(f7;M^ x2 ) n M 2 ^ 2 ) . Using the Lagrange 

interpolation on a locally finite grid composed by isosceles right triangles which becomes 
finer and finer near the boundary, we can replace these functions by new functions u, e, 
p, and z, with (u,e,p) G A reg (w) , such that u is piecewise affine on this triangulation T, 
while e, p, and z are piecewise constant. Since z is piecewise constant, it is not restrictive 
to assume that 0) is piecewise constant on T, so that Gi(x,£,6) = Gi^{S,,0) for 

every ir g T and every T g T . We may assume that every triangle T of the triangulation 
T is relatively compact in Q . 

Let us fix i = 1,2 and T g T. Then 

u(x) = £,t x + ct for every x g T , 

where £t is a 2x2-matrix and cr 6 K 2 . Moreover, we have 

e(a;) = , p{x) = pr , z(a;) = zt for every x g T , 

where € M 2 *,^ , p T € M 2 ^ 2 , and z T g K. Then we have £t = er + Pt + ^t , where wr 
is a skew symmetric 2x2-matrix. 

For every e > there exists (At,.4'4> 4> 4) e ^ sucn that 

G 1jT (pt, zt) + £ > A T Gi-i,T(pT +Pt, z t + 4) + (! - AT)Gi-i,r(pr + 4, ^t + 4) • (3-29) 

By an algebraic property of M 2 -,* 2 there exist ot , € K 2 such that p T — p T — a T ® 6 T + Or 
with gT a skew symmetric 2x2-matrix. Note that this is the only point where the dimension 
two is crucial. By a standard lamination procedure with interfaces orthogonal to bx we can 
construct two sequences v T g W-£ c °° (M 2 ; K 2 ) and z T g i^ c (M 2 ) such that ^(0) = 0, 
4 p T x weakly* in Wfc™ (M 2 ; M 2 ) , z£ z T weakly* in L^ C (K 2 ), Ev T = p T + 4 and 
4 = z T + zi on A^, Ev T = Pt+Pt an d 4 = z T + z T on ]R 2 V4, and l A t — X T weakly* 
in Lf^ c (M?) . Let us define u T (x) :— exx + v^-(x) + ujtx + ct ■ Recalling our definitions we 
find that u\ u weakly* in W ll00 (T;R 2 ) and z£ 2 weakly* in L°°{T). 

For every T g T and every 5 > let Ts be the triangle similar to T with the same 
centre and similarity ratio 1 — 5 , and let <4 S (T) a cut-off function such that 
on Ts and < </? T < 1 on T . Let us fix a finite subset T'cT, let 



n':= (J T ' n «= U T *' 

TeT' TeT' 

Mfc := ^Pt u t + (! - XI ) z fc : = X + (! - X ' 



TeT' TeT' TeT' TeT' 

It is clear that Uk — 1 u weakly* in BD(Q) and Uk ~ w H 1 -a.e. on r . We set 

p fc := ^ <4#4 + (1 - ^ Vt)P. 
TeT' TeT' 

e fc := _Bu fe - p fe = e + ^ V<4 (4 ~ u ) ■ 
TeT' 
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It follows that p k p weakly* in M|, x2 ) and e k -> e strongly in L°°(fi;M^). 

For every T G T' we have = a.e. on T$ , Pk = Pt+Pt a - e - 011 ^<5 n i z k — z t + z\ 
a.c. on Ts n A\ , pk = pt + p\ a - e - on ^A^t , and Zk = zt + z\ a.e. on T&\A\ . Therefore 

Gi-i(p k ,z k )< J2 G 1 -i,t{pt+Pt,z t + z 1 t )C 2 {T s C\A^) + 
TeT' 

+ G^ 1 . T (p T +PT,z T + z^)C 2 (T s \A k T ) + 
TeT' 

+ / Gi-i{pk,z k )dx + I Gi-i(p,z)dx. 
Jn'\n' s Jn\n' 

We observe that there exists a constant C(T') such that Gi-i(pk, Zk) < C(T') a.e. on 0' 
for every k. As — ^ At weakly* in L°°(T) as k — > oo, using (3.29) we obtain 

limsup&_i(pfc,Zfc) < (G lyT (PT,z T ) +s)C 2 (Ts) + 

+ C(T')£ 2 (fA^) + / G 4 _!(p,z)dx< 

<ft(p,z) + e£ 2 (r!) + C(r')/: 2 (r!'\^)+ / Gj-ifozjdz, 
which gives (3.28) with 

7 1 :=eC 2 (n) + C(T')C 2 (n'\n' s )+ [ G i - 1 {p,z)dx. 

Jn\Q' 

Passing to the limit first as S — > , then as e — > , and finally as 0' /" O , we can make 77 
arbitrarily small, and this concludes the proof. □ 

3.3. Relaxation in spaces of Young measures. The following theorem shows the rela- 
tionships between the incremental problem in A reg (w) with H and V , the same problem in 
A(w) with H e g , and a similar problem in a suitable space of generalized Young measures. 
The statement of the theorem uses the decomposition /1 = ~p Y + of [4, Theorem 4.3], the 
notion of translation introduced in (2.2), and the homogeneous function {V}: RxM — ► M 
defined by 

W(M):=H? } if??>0 ' (3.30) 
1 J " \v°°(8) if n < 0. K ' 

Theorem 3.9. Let w ,w G ^(OjM 2 ), ief (u ,eo,Po) € -4(wo), iei z G M 6 (TT) 7 /ef 
/io G GF(Q; M 2 3 x2 xR) smc/i t/iat bar(^ ) = (Po, z o)- Assume that jf^ = <% .- ) with 
p G L 1 (Q;M 2 - x2 ) and zo G L 1 (fi). Tften the following equalities hold: 

inf _ [Q( eo + e)+W(p,5) + ({y}^i^),%i)(Mo)>] = (3.31) 

min _ [Q{e + e)+n eS {p,z) + {{V}(e ,v),^o)]= (3.32) 

(S,e,p)eA(ii),z6M b (fi) 

= ' m { \Q(e) + (H^ 1 -^,e 1 -9 ) + {V}(e 1 , V ), t i toti )], (3.33) 

where the measure Tfp^(no) acts on (x, £1 , 6\ , rf) , the measure fio acts on (x, £0, 9o, rf) , 
while the measure £t totl acts on (x, £0, #0, £1, 81, v) ■ Here B denotes the class of all triplets 
{u,e,n), with u G BD(Q), e G L 2 (ft;M 2x2 ), /x e SGY {{t , ti}, O; M 2 ^ 2 xR) , sucft t/iat 
/x to = ^0 ( u , e , P) € A(w + w) , w/iere (p, z) := bar(/x ti ) . 

Proof. We start by showing that the infimum in (3.31) is less than or equal to the minimum 
in (3.32). Let (u, e,p) G A(w) and z G Mb(Q) be a minimizer of (3.32). By Theorem 3.8 
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there exist a sequence (u mi e m ,p m ) G A reg (w) and a sequence z m G i 1 (SI) such that e m — ► e 
strongly in L 2 (S7; M 2 *^) , p m ^ p weakly* in M 6 (S7; M^ x2 ) , z m z weakly* in M b (ty , 
and 

n(p m ,z m )+V(z + z m )-V(z ) — H eS (p,z). (3.34) 

We claim that 

) + ({^ / }(^l> ? 7)7^(p m ,£ m )(Mo)) — > Hes(p,z) + ({V}(0o,<7),Mo) ■ 
Indeed, using the definition of T(p m ,z m ) , we have 

({V}(^i,r?),% mi2 - m) ( M o)) - ({V}(0 o ,r?),Mo) = ({V}(^ + ^ m (x), r?) - {V}(9 ,v), Mo) • 

As {V}(#o + ^mO^)) ??) — {^H^o,") vanishes for 77 = 0, we obtain 

- ({V}(6 ,V),IM>) - ({n(^o +^ m (x) J?? ) - {V}(^ ,r?),^> • 

By the assumption JIq = <% ,z ) we nn d 

({ n(M>%„,2 m )(Mo)) - ({Wo, »?), W>) - V(z + z m ) - V(z ) . (3.35) 

From (3.34) and (3.35) we obtain the claim, which, in turn, together with the strong con- 
vergence of e m to e, shows that the infimum (3.31) is less than or equal to the minimum 

(3.32) . 

Let (u, e, n) £ B . By the Jensen inequality for generalized Young measures (see [4, 
Theorem 6.5]) we have 

H eS (p-po,z - z a ) < (i? e ff(6 -£oA - ),n totl ) < 
< (Hfa - 1 - 9 ) + {V}(9 lt ri) - {V}(9 0l V ),^ tl ) . 

Since (u — u , e — e ,p—po) € A(w) , the minimum (3.32) is less than or equal to the infimum 
in (3.33). 

On the other hand the infimum in (3.31) is greater than or equal to the infimum in 

(3.33) , since for every (u,e,p) G A reg (w) and every z G L 1 (S1) we can construct a triple 
{u,e,n) G B by setting u := u a + u, e := e + e, and fi toti := T^^ip-o), where 
T ( l 5) : ITxM 2 3 X2 xMx]R^nx(M 2 3 x2 xM) 2 xM is defined by 

T(p.rz){ x ^o,9n,ri) := (x,£ ,6> ,£o + rjp(x),9 +r]z(x),r]) . 
This concludes the proof of the theorem. □ 

3.4. Some structure theorems. We prove now two structure theorems for generalized 
Young measures whose action on H + {V} equals the relaxed functional H c s evaluated on 
their barycentres. 

Theorem 3.10. Let p G L 1 (S7; M 2 -^ 2 ) , z G L 1 (fl) , m G GY(Q; M|, x2 xK) , let (pi,zi) := 
bar(/j,i), let A be the total variation of the measure (pf,zf), and let (Pi,Zi) be the Radon- 
Nikodym derivative of the measure {p\,z{) with respect to A. Assume that 

{H(^- V po(x),e 1 -r]z (x)) + {V}(9 1 ,T]), t i 1 (x,^,e 1 ,r])) = 

= W e ff(pi ~P0,Zl ~ Zq) + V(Z ) . 

By Lemma 3.3 there exist z G i 1 (Sl), with z(z® — zq) > a.e. on Q, and a G L°°(Q) , with 
\ < ol < 1 a.e. on ft, such that 

zf = a{z + z) + (1 - a)(zo - z) , (3.37) 
H ea (p1-p Q ,zt-z )=H{pt-p ,z) + V°°{z) (3.38) 

a.e. in Q, and there exist z\ G L\(Q) , with z x z\ > A -a.e. on SI, and a x G L^°(S1), with 
\ < ct\ < 1 A -a.e. on SI, such that 

z$ = a x z x + (1 - a x )(-z x ) , (3.39) 
fleff(p?, *i) = H(rf,zx) + V°°(z x ) (3.40) 
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A -a.e. in fl . Then 

Mi = <Wo) + a ^{pt-p a .z) + (1 - ^{p\- Pa ,-z) + «a^, a) + (1 - a\)U{ pi ,- zx) , 
that is, according to (2.1), 

(/,Mi)= / f(x,po(x),z (x),l)dx+ / a(x)f(x,pi(x) - p (x), z(x),0) dx + 
Jn Jn 

+ / {l-a{x))f{x,p^(x)-po{x),-z{x),0)dx + 

Jn - (3.41) 
ax{x)f(x,Pi(x),z\(x),0)d\(x) + 



r 

+ 1(1 - a x (x))f{x,p^(x), -z x (x), 0) d\{x) 
Jn 



in 

for every f € B^7(0xM^ x2 xIxR) (see [4, Definition 3.14];. 

Proof. According to [4, Remark 4.5] there exist Xf E Mj^(Cl), a family (pi' Y ) x en of 
probability measures on M^ x2 xR, and a family (A i i'°°) ;I , e n or " probability measures on 
S := {(£,#) e M^ x2 xM : |£| 2 + |6f = 1} such that 

(/,Mi>=/ (I f(x,Z 1 ,6 u l)dft Y (S u 1 j)dx + 

Jn v jm^ x2 xi 7 ^3 

+ jf ( £ /(*> a - oi, o) <k-°° (a )) ^ (s) 

for every / G B^7(JlxM^ x2 xRxt) . According to [4, Remark 6.3], we also have 

(P?(a0, *?(*))= / (a^i)^(6^i) + Ar > ' a W / Ki,<9i)d^°°Ki,(9i) 

for £ 2 -a.c. where A^' a is the absolutely continuous part of Xf . This implies 

{p\(x)-p (x),zl(x)- z {x))= f (a -po(z)A -«o(aO)d/*?' y (£i,0i) + 

Jm d 2xK (3.43) 

+ Ar<» / (ei^i)^'°°(a^i)- 
Je 

Let A^' s be the singular part of Xf . By [4, Remark 6.3] we also have that A << Xf' s and 
(p X i(x),z^x))^(x) = J^ue^d^^uOi) (3.44) 

for A^'^-a.e. a; G SI. 

Let G°° be defined by (3.3). From (3.36) and (3.42) we obtain 

H cS (pUx) - p {x),z?{x) - z (x)) dx + _H eB (p$(x), z^{x)) dX(x) = 

Jn 

)dx + 

(3.45) 



(H^ 1 -p (x),e 1 -z (x)) + V(9 1 )-V(z (x)))d l i x 1 ' Y (t 1 ,8 1 ))dx + 

'!JVM 2 n x2 xl ' 



+ 



In ( L G °° (6 ' 9l) ^ ^ ' 9l } ) ^ ^ + 

( f G^i^e^d^i^e^dxT^x). 



n we 
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As H e g = co G°° , using the homogeneity of H e g and the Jensen inequality, we deduce from 
(3.43) that for a.e. x G il we have 

H eS { P l{x)-p ,zt{x)-z {x)) < [ G°°((; 1 -p (x),6 1 -z (x))d f i x 1 ' Y (Z 1 ,e 1 ) + 

JM 2 D x2 xl 

+ \?' a (x) / G°° (£i,0i) d/j,*' 00 (£,0) < 
< / {H(Ci - Po(x), 9 1 - zo(x)) + ¥(9!) - V(z (x))) d/£ ,y ft) + 

JM 2 r ? 2 xR 

+ \?- a (x) J Gr°{Z 1 ,6 1 )dfi'°°{Zi,9i), 
where the second inequality follows from (3.5). Analogously, from (3.44) we deduce that 

H eS (p^x),z^(x))J^(x) < G°° (£i , 0\ ) dfi x '°° (£i , ft ) 
for A^-a.c. Therefore, we deduce from (3.45) that 

H eS {pl{x) -p (x),zt(x) - z (x)) = 
= [ (H^ 1 - PQ (x),6 1 -z Q (x)) + V(9 1 )-V(z a (x)))d^ Y (^,e 1 )+ (3.46) 

JM" 2 xR 

+ \?< a (x) G°° (£i , ft ) dfi x '°° (£i , ft ) 

for a.e. x G 0, 

ff off (^(x),^(x))^(*) = ^ G°° (£i , ft ) dfi*' 00 (£i , ft ) (3.47) 
for A^' s -a.e. iff!. 

Let us define A := {x G : pl(x) — po(x), zf(x) — z (x)} and A\ := {x G ft : Pi(x) — 
0, z£(x) = 0}. By (3.46) and (3.47) we have 

/ (H(C 1 -p (x),e 1 -z Q (x)) + V(9 1 )-V(z (x)))d^ Y (^,9 1 ) = for a.e. x G A, (3.48) 

JM 2 D x2 xl 

Af ' a (x) [ G <x> (£i,ft)<K' <x> (a,ft) = fora.c.xGA, (3.49) 
J GP o (£ 1 ,0 1 )dii? o °(£ 1 ,0 1 ) = for Af ,s -a.e. a; G A A . (3.50) 



By (2.30) and (3.48) [i x ' Y is concentrated on (p (x), z (x)) , hence 

Ml' r = £(po(z),zo(*)) fOT a - e ' X E A ■ ( 3 ' 51 ) 

Since G°° is strictly positive on £ and fi x '°° are probability measures, we deduce from 
(3.49) and (3.50) that 



A~' a (x) = for a.e. x G A , (3.52) 
XT' s (A x ) = 0. (3.53) 



Let us consider now [i x { Y for x G B := For every i e B let L(x, •, •) : M^ x2 xK -> M 

be a linear function such that L(x , pf(x) — po(x) , z\ (x) — Zo(x)) — H e s (p® (x) — Po(x), zf{x) — 
z (x)) and L(x,£,9) < H e g(£,0) for every (£,6) G M^ x2 xM. Using (3.43), (3.46), and the 
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linearity of L , for a.c. x € B we obtain 

L(x,€i -Po(x),0i - M x )) dnl' Y {€i,8i) + 



J 

■hi 



m;"xi 



-/ 

Jw. 



M 2 D x2 xI 



(3.54) 

(Hfa - Po (x),e 1 -z (x)) + V(e 1 )-V(z (x))) dfi Y (t 1 ,0 1 ) + 



+ \?< a (x) J g°° & A)d/#°° (a ,e 1 ). 



Using (3.5) we find L(x, 6 -p (x),6 1 - z (x)) < #(6 -Po(*)> *i -z (x)) + V(6 1 )-V(z (x)) ■ 
Therefore, equality (3.54) implies that for a.e. x G -B we have 

L(x, 6 - poOr), 0! - z (x)) = Hfa - p (x),6 1 - z (x)) + Vie,) - V(z (x)) (3.55) 
for /v r -a.e. (£i,0i) G M 2 D x2 xl, and 

Ar^(x)i(x,a,^i) = A~'°(a:)G°°(£i,0i) (3.56) 

for ^'°°-a.e. (£i,0i) e E. As L(x, & - po(a;),0i - «b(»)) < #eff(£i - Pofr), 0i - z {x)) < 
— Po{x),0\ — zo(x)) + V(6i) — V(zo(x)), we deduce from (3.55) and Lemma 3.2 that 
(£!,6>i) = (p (x),z (x)) for ^' y -a.e. (£i,#i) G M^ x2 xR. This implies that ^ Y is con- 
centrated on (po(x), zq(x)) . Since ^ Y is a probability measure, we conclude that 

lA' Y = <Wx),zo(x)) for a - c - x e B . (3.57) 

We now consider the measures /z^' 00 . We first observe that z(x) ^ for a.c. x € B by 
(3.37), (3.38), and Lemma 3.5. For every x € B we define 

Pfc) := \j\pl{x) -pv(x)\ 2 + z(x) 2 and (p(a;), %)) := (p?(ar) - p (x), z{x))/tp(x) . 
By (3.56) and Lemma 3.5 for a.e. x € B with Aj°'°(a;) ^0 we have 

KiA) G {(p(s),s(aO),(p(aO, -*(*))} for /if°°-a.e. (6A) eE, 

so that 

= /?(^)%(x),i(x)) + (1 - ^(a;))^^) ,-z(x)) (3-58) 
for a suitable (3(x) e [0, 1] . Using (3.43) we find that 

p a 1 - Po =p\T- a , #-zo = (20-l)z\?' a (3.59) 

a.e. in B . Since p^ — p = pip, the first equality implies that 

Aj* 5 ' = ip a.e. in{ieB: p(a;) 7^ 0} . (3.60) 

Since zf — z = (2a — l)z = (2a — l)<pz and z ^ 0, the second equality in (3.59) implies 
that a — [3 a.e. in {x e B : p(x) ^ 0} . Therefore, 

fJ-T°° = u{x)&(p( x ),z(x)) + (1 - a(x))5 {p{x y_ £ix)) a.e. in {x e B : p(x) ^ 0} . (3.61) 

As H eS (Q,6) = G°°(0,6) = (a K - b v )\6\ for every 6 e M by (2.14), if p(x) = we deduce 
from (3.38) that z(x) = zf(x) — z (x) and a(x) = 1. Then the second equality in (3.59) 
implies that 

(2(3(x)-l)\™' a (x) = \z(x)\ a.c. in {a; e B : p(x) = 0} . (3.62) 
Therefore, from (3.46) and (3.58) we deduce that 

G°°(0, z(x)) = H e s(0, z(x)) = 
= \?' a (x)(p(x)G°°(0, pgj, ) + (1 - P(x))G»°(0, = 
= WFlG-(0,z(x)), 
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hence [3 = a = I a.c. in {x e B : p(x) =0}. By (3.62) we have A^'" = \z\ = ip a.e. in 
{x e B : p(x) = 0}. Using also (3.58), (3.60), and (3.61) we conclude that 

Mi' 00 = Oi{x)5 { p( x)ii ( x)) + (1 - a{x))5 {p{x) _z( x)) a.e. in B , 

\oo,a o ^O.DOj 

X l ' = </3 a.e. m B . 

Let us consider now the properties of the measure for A^'^-a.e. x <E f2. For every 

a; G £> A := ^ \ A\ we define 

'/'A (x) := y^b^a;))! 2 + ^(a:) 2 and (p A (x), i A (x)) := (p* (x), z\(x))/<px(x) , 

and notice that <^ A (x) > \/|Pi (x))| 2 + z^(x) 2 = 1 . As in the previous step we consider a 
linear function L\(x, ■,•): M^* 2 x ]R — >• M such that L A (x,p^(x), z^(x)) = if cff (p A (x), Zi(x)) 
and L A (x,£,0) < H cS (£_,6) for every (£,0) e M^ x2 xM. Using (3.44), (3.47), and the 
linearity of L\, for Aj°' s -a.e. x e B\ we obtain 

/ L A (x,ei,0i)^'°°(a^i)= / G 00 (£i , 0i ) dfil' 00 (£i , 0i ) . (3.64) 

Since L x (x,£,6) < G°°(£,0), for A 1 °' s -a.e. x G B\ we deduce that 

i A (x,a^i)-G°°(a,0i) 

for ^'°°-a.e. (£i,0i) € S. By Lemma 3.5 for A^-a.e. x e £> A we have z\(x) ^ and 
KiA) G {(pA(a;),i A (x)),(p A (x),-z A (x))} for /#°°-a.e. (£i,0i) eE, 

so that 

pT'°° = + (1 ~ /?A(a;))5(p A (x) -z x (x)) (3.65) 

for a suitable (3\(x) e [0, 1] . Using (3.44) we find that 

Pi^^-PA, ^^j = (2/3 A -l)5 A (3.66) 

A^-a.c. in B\. Since p* ~p\f\ 7 the first equality implies that 

<P\ d ^t>,s = 1 A~' s -a.e. in {x e B A : p A (x) 7^ 0} . (3.67) 

Since z\ = (2a A — l)z\ = (2a A — l)< ) 5 A z A , the second equality in (3.66) implies that a\ = (3\ 
Aj° ;S -a.e. in {x e B\ : p A (x) 7^ 0}. Therefore, 

Hl<°° = ax{x)8 ( p x(x) ^ x(x)) + (1 - a\(x))8 { p x{x) -z x {x)) 
Af ' s -a.e. in {x e B x : p A (x) ^ 0} . 

As H eff (0, 0) = G°°(0, 0) for every e R, if p A (x) = we deduce from (3.40) that z A (x) = 
z*(x) and a\(x) = 1. Then the second equality in (3.66) implies that 

2/3 A (x) - 1 = \ Zx ( x )\J^(x) Af ,a -a.e. in {x e B A : p A (x) = 0} . (3.69) 

Therefore, from (3.47) and (3.65) we deduce that 

G°°(0,z A (x)) =H eS (0,z x (x)) = 
= ^i(Px(x)CP>{0, ifgj,) + (1 - /3 A (x))G-(0, -^gj,)) = 
= W^FtG~(0,z a (x)), 



hence /3 A = a A = 1 A^°' s -a.e. in {x G £> A : p A (x) = 0}. By (3.69) we have ip\ 
|z A |^^ = 1 Af' s -a.c. in {x e B A : p A (x) = 0}. Using also (3.53), (3.65), (3.67), and 



dX 
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(3.68) we conclude that 

= a \( x ) s (Px(x),z x (x)) + (! - a *( x )) s (px(x),-z>,(x)) A~' s -a.e. in fi , 

d\ 1 . o (3-70) 

,.oo,a =1 A x -a.e. m S2 . 

It follows that ' s << A and that 



(p x A-a.e. in tt . (3.71) 
d\ 

The conclusion follows from (3.42), (3.51), (3.52), (3.57), (3.63), (3.70), and (3.71), using 
the homogeneity of / . □ 

To prove the next theorem we need two technical results. 

Lemma 3.11. Let Si,S 2 be finite dimensional Hilbert spaces and let 71^: r2xSixS 2 xIR ^ 
fixSjXR, i = 1,2, be the projections defined by 7Tj(ai, £i, £ 2 , 77) '■— {x,£i,r))- Let /j e 
GF(fi;SixS 2 ) and let p £ L 1 (fi;Si). Assume that r K\{p) = S p and let yU 2 := ^(t 1 ) ■ Then 

(f(x,€i,b,V), (*{x,€i,€2,ri)) = (f(x,w>(x),&,T}),tJ,2{x,b,v)) (3-72) 
for every f e B^(TtxE 1 xE 2 xR) . 

Proof. Using [4, Definition 3.16] and standard arguments in measure theory, it is enough to 
prove (3.72) for every / e C hom (nxS 1 xS 2 xE) . 
By the definition of /i 2 we have 

(f(x,VP(x),&,v),V2{x,&,v)) = (f(x,VP(x),&,v),v(x,£i,b,v)) ■ 
Therefore, to prove (3.72) it is enough to show that 

(/(z,£i,&,v?) - f(x,T]p(x),^2,v),K x ,£,i,S,2,v)) = 0. 

By approximation it suffices to prove this equality when / is Lipschitz continuous with 
respect to ^i,^2,V with a constant L independent of x (see [4, Lemma 2.4]). In this case 
we have 

\{f{x,^,^ 2 ,v) - f(x, VP(x),&,v), Kx,£i,&,v))\ < L(\rjp(x) - £i|, /j,(x, £i, £ 2 , v)) ■ 
As 7Ti (fi) — 5 P , we have 

(\VP(x) -£i\,n(x,£i,&,v)) = (\VP(x) -£i\,8 P (x,£i,v)) =0, 
which concludes the proof. □ 

Corollary 3.12. Let Si, S 2; 7Ti , 7r 2; /i, and p be as in Lemma 3.11, and let \x\ := 7ri(/x) 
and /i 2 := 7r 2 (/i) . Assume that ~p( = S p . Then 

(f(x,£i,&,v),~p Y (x,ti,&,v)) = (f(x,VP(x),&,v),~Pl(x,&,v)) 
for every f e B^(TtxE 1 xE 2 xR) . 

Proof. It is enough to apply Lemma 3.11 to ~p Y , using [4, Lemma 4.8]. □ 

Theorem 3.13. Let fi e SGY({t , h},Tt; M^ x2 xK) , let {p 0l z ) := bar(/x t J, and let 
(pi,zi) := bar(/i tl ). Assume that 

(if (6 - ft - *o) + {V}(9i,v) - {V}(9 , V), » totl (x, Co, do, Si,0i,v)) = (g ?3) 
and that 

K = Wo) (3-74) 
loitft p e L x (fi; M 2 ^ 2 ) and z e L^fi) . T/ien /i£ = <% ,- ) • 
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Proof. If po = p e M 2 ^ 2 ) , z a = z a e L 1 ^) , and /x to = <5 (p0jZo) , then (3.73) implies 

(3.36) by Lemma 3.11 with \i\ := fi ti , and the conclusion follows from Theorem 3.10. 

We consider now the general case. Let 0(x,£o,0o,£i,0i,»7) := {x, £o, 0o, £i — £o, 0i — 0o, rf) 
and let 7r(x, £o, 0o, £, 0, rf) := (x, £, 9, rf) . We define v := (n o 4>){n totl ) and observe that 

bar(^) = (pi - po, zi - z ) . (3.75) 

By (3.73) we have 

(H(£, 9) + {V}(9 + 9, v) - {V}(9 , v), )> = H <*(Pi - Po, *i - *b) , (3-76) 

where the measure <p(pL tQti ) acts on the variables (x, £o, 00, £, 0, ??) ■ Moreover, since ^ = 
""(^(Mtoti))' we havc that 

(H(i,6),<f>(n tQti )} = (H(£,§),v), (3.77) 
where the measure ^ acts on the variables (x,£,0,7]). We consider the decomposition 

(O0(*o + M) - {n(fo,f?),0(Mto tl )> = (O0(*o + M) - {y}(0 o ,r?),^^j y > + 

+ <{v}(fl + ef, 77) - mOM.MW 00 ) (3.78) 

given by [4, Theorem 4.3]. As /x to is the image of the measure (f)((j, totl ) under the map 
(x, £o, ^o, £, 0, ? ?) h— > (^,^0,00,??), by (3.74) we can apply Corollary 3.12 and we obtain 

({V}(9 a + 9,fj)-{V}(9o,v),Hi^r) Y ) = ({V}(vMx) + lv)-{V}(vMx),v),V Y )- (3-79) 
Since by concavity {V}(9 + 0,7])- {V}(9 a , rf) > V°°{9) , we have 

({V}{0o + 6,r,)- W(0o,??)^(Sr i ) 00 ) > (^ oo (0),^O^r i ) o °) = 

= (V^VW/W 00 )) - (^°°(0),^) - ( 3 - 8 °) 

= ({V}( V z (x) + 9,r,) - {V}(r]z a (x),v),v°°) , 

where the second equality follows from [4, Lemma 4.8], taking into account that v = 
n{<j>(n totl )). By (3.76)-(3.80) we obtain 

n cS (Pi -Po,zi - zo) > (H(lO) + {V}(7]Zo(x)+0,v) - {V}(t]Zo(x),v),v) ■ 

By the Jensen inequality for generalized Young measures [4, Theorem 6.5] we deduce from 
(3.75) that 

H cS ( Pl ~ Po ,z 1 - z ) = (H(i,6) + {V}(7]z (x)+0,v) - {V}{nMx),v),v) ■ (3-81) 
Let us fix x e and let G: M^ x2 xRxR -> M be the function defined by 

G(£, 6, 7]) := H(i, 9) + {V}(t]z (x) + 0, v) - {V}(vM*), rf) ■ 

It follows from (3.4) and (3.7) that the function H e g(£, 9) is the convex envelope of G(£, 6, 7]) 
with respect to {£,0,7]). Moreover, by (3.13) we deduce that for every tj > the equality 

H eS (l 9) = H(l 0) + {V}(t]z (x) +0,V)~ {V}(t]z (x),v) 
holds if and only if (£,0) = (0,0). Therefore (3.75), (3.81), and [4, Lemma 6.7] imply that 

supp^ C {(x, 0,0,77) : x e H, 7] > 0} U (OxM^ x2 xlx{0}) , 
and, in particular, 

supp F y c {(x, 0, 0, 7]) : x e fi , 7] > 0} , 

hence v Y = <5(o,o) • 

From the definitions of v and from [4, Lemma 4.8] it follows that 

</,w - r /(,,w.),ibw,i)* = </<.,« +«,(.),» + «w,,).^> = „ „ 

= (/(a;, 6 - Co + #0^), 0i - 0o + t]Zq(x), ri),-p% Qtl ) 
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for every / G C hom (TixM 2 ^ 2 xRxM.) . By (3.74) we can apply Corollary 3.12 and wc 
obtain that the last term in the previous formula equals (f(x, £i, 6\, rj),JJ^ i ) . Therefore, 

4. Globally stable quasistatic evolution for Young measures 

4.1. Definitions and main result. We begin with the definition of the set of admissible 
triples in the Young measure formulation, with boundary datum w on To . 

Definition 4.1. Given a set 0cl and a map w: — > i? 1 (ri;R 2 ), we define AY(Q,w) 
as the set of all triples (w,e,/x) with u : — > BD(fl) , e: —> L 2 (fl; M 2 ^) , /x £ 
S , GF(6,n;M 2 3 x2 xM), with the following property: for every finite sequence ti,...,t m in 
0, with t\ < ■ ■ ■ < t m , and every i = 1, . . . , m there exist a sequence (w^, e k ,p k ) G A(u>(£j)) 
and a sequence z£ <G M fc (f2) such that 

— ^ u(t,) weakly* in BD(Vl) , 
4 - efe) strongly in L 2 (tt; M 2x2 ) , 

and 

5 ((pIA) _ {pT>zT)) - /x tl ... tm weakly* in GY(Q; (Mfxl) m ) . (4.1) 

Remark 4.2. Since the weak* convergence in GY(fl; (M 2 -^ 2 xR)"') implies the convergence 
of the norms || • ||* (see [4, Remark 3.12]), it is not restrictive to assume that 

||4|| 2 < \\e(ti)h + 1, 11(4,4)11* < IK II* + 1 

for every i and k. As (u k ,e k ,p k ) G j4(iu(t,)), there exists a constant Cj, depending only 
onto, ti, ||e(tj)||2, || /i ti ||*, such that 

ikiii + p4iii<a 

for every fc. 

Remark 4.3. It follows from [4, Remark 6.4] that 

Pl -» p(ti) weakly* in M^O; M 2 ^ 2 ) , 

4 z(U) weakly* in M 6 (fi) , 

where (p(ti), z(ti)) := bar(/x t .). As {u k ,e k ,p k ) G by [3, Lemma 2.1] we conclude 

that 

e(^),p(*i)) G i4(to(ti)). (4.2) 

Remark 4.4. The inequalities proved in Remark 4.2 allow to use the metrizability of the 
weak* topology on bounded subsets of the dual of a separable Banach space and to prove 
that the set AY(Q,w) satisfies the following closure property: if u: — > BD(fl), e: — ► 
L 2 (ft;M 2x2 ), /iG 5GY(0,H;M 2 3 X2 xR), and (u k ,e k ,fJ. k ) is a sequence in AF(0,w) such 
that 

u k (t) weakly* in RD(Q) , (4.3) 

e fc (t)-e(t) strongly in i 2 (r»;M 2 y ^) (4.4) 

for every i £ O, and 

(Mfek...t m ^ M tl ...t ro weakly* in Gy(H; (M 2 D x2 xM) m ) (4.5) 

for every finite sequence t\, . . . , t m in 0, with t\ < ■ ■ ■ < t m , then (w, e, /u) G AY(0, tt>) . 

More in general, if u: -> BD(O), e: -» L 2 (fi;M 2x ^), /x G S , GF(0,^;M 2 3 x2 xIR) , 
and (u k ,e k , n k ) is a sequence in ^4Y(0,u;fc) such that (4.3)-(4.5) hold and w k (t) — > itf(t) 
strongly in _ff 1 (f7;R 2 ) for every t g 6, then (u,e,fi) G AK(0,w). This follows from the 
closure property, observing that (u k — w k + w 1 e k — Ew k + Ew, /z fe ) belongs to AY(Q, w) . 
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Remark 4.5. Using Theorem 3.6, Lemma 3.7, and [17, Theorem 3] (see also [11, Ap- 
pendix]), it is easy to see that the definition does not change if we replace A(w(U)) by 
A reg (w(U)). 

Given G SGY([0, +oo),ri;M^ x2 xM) , its dissipation T> H (p;a,b) on the time interval 
[a, b] C [0, +oo) is defined as 

k 

sup^(.ff(& - &-i,0» - 9i-i),fji totl _ tk (x,€o,6o, ■ ■ -,tk,0 k ,v)) , (4-6) 
»=i 

where the supremum is taken over all finite families to, *i, ■ • ■ , tk such that a = to < t\ < 
■ ■ ■ < tk = b. As in the case of the variation Var(/x; a, b) considered in [4, Section 8], we 
have 

k 

V H (n;a,b) = sup^(iJ(& - &_i,0i - 0i-i),Mt i _ 1 t 4 ( a; ,&-i,0i-i,&,0»,f7)) , (4.7) 

i=l 

where the supremum is taken over all finite families to 1 t\ 1 . . . ,t k such that a = to < t\ < 
■■■ <t k = b. 

In the following definition we use the homogeneous function {V} defined by (3.30) and 
the notion of weakly* left-continuous system of generalized Young measures introduced in 
[4, Definition 7.6]. 

Definition 4.6. Given w G ACi oc ([0, +oo); if 1 (0; R 2 )) , a globally stable quasistatic evolu- 
tion of Young measures with boundary datum w is a triple (it,e, /x) G AY([0,+oo),w), 
with u, e, (j, weakly* left-continuous, such that the following conditions are satisfied: 

(evl) global stability: for every t G [0, +00) we have 

< Q(e(t) + e) + H{p, ~z) + ({V}(9 + n ~z{x), ri),n t {x, £, 9, r,)) 
for every (u, e,p) G A reg (0) and every z G L 1 (i7); 
(ev2) energy balance: for every T G (0, +00) we have Var(/x;0,T) < +00 and 

Q(e(T)) + V H {»- 0, T) + ({V}(6, 77), n T (x, £, 9, v )) = 

= fi(e(0)) + ({V}(9, V ), /x (x, 1 9, V )) + [ (<r(t), Ew(t)) dt , 

Jo 

where <r(t) := Ce(t) . 

We are now in a position to state the main theorem of the paper. 

Theorem 4.7. Let w G ACi oc ([0 + 00); H 1 ^; K 2 )) , (u ,e ,Po) G A(i»(0)) } and z € 
M(,(n). Assume that 

Q(eo) + V(z ) < Q(e + e) + W(p, z) + V(z + 5) (4.8) 

for every (u,e,p) G ^4 res (0) and ewer?/ z G L 1 (il). T/ien t/iere exists a globally stable 
quasistatic evolution of Young measures (u, e, fi) with boundary datum w such that u(0) = 
uo, e(0) = eo, and /x = 5(p 0lZo ) . 

4.2. The incremental minimum problems. The proof of Theorem 4.7 will be obtained 
by time discretization, using an implicit Eulcr scheme. Let us fix a sequence of subdivisions 
(*fe)i>o °f the half-line [0, +00) , with 

= t° k < t\ < ■ ■ ■ < tlr 1 < t\ -> +00 as i -» 00 , (4.9) 

r fc := sup(4 - 4" 1 ) -» asfc^oo. (4.10) 

i 

For every let w\ := w(tj.) for z > and let ^ := - uJ^fc" 1 ) for i > 1. 
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We define u{ g BD(Sl), e% G L 2 (fi;M^), and \x\ g . . . ,4},n ; M^ x2 x]R) 

by induction on i. We set u° := u , e° := e , /z° := <5( Po . Zo ), and for i > 1 we define 
(u\, e\, fi\) as a minimizer (see Lemma 4.9 below) of the functional 

Q(e) + {H& - fli - + {y}(^,r?), i/ t « t , (x, 0i, »?)> (4.11) 

over the set Aj. of all triplets {u,e,v) with u g BD(Q) , e g L 2 (f7; M 2 *^) , and g 

5GF({^, • • • ,4}>^; M |T 2xM )> with thc following property: there exist a sequence 
(u m ,e m ,p m ) g yl re9 (u^) and a sequence z m g L 1 (il) such that 

u^T 1 + -u m — u weakly* in BD(fl) , 

e^ 1 + e m ^e strongly in L 2 (fi; M 2 ^) , 



7 tf ra ,z ra )((Mr)to... t «) - "to.. 4 weakly* in GF(f7; (M^ 2 xR)«) , 
where T ( i 2) : nx(M 2 3 x2 xR) l xR -» Hx (M 2 ^ 2 xM) J+1 xR is defined by 

T (p,~z)( x > £o A, ■ • ■ , »?) ■= {x, £o A, ■ ■ ■ , + Vp(x), 0j_i + T7^(x), ry) . 

We note that if (u, e, v) £ A l k , then 

^...tr 1 = (Mfc" 1 )^...^ 1 . ( 4 - 12 ) 

Ke,p)6A(t»i), (4.13) 
where (p, z) :— bar(f t i ) . Then we define (p k , z l k ) :— bar((/Ltj.) t i ) . 
Remark 4.8. The following equalities hold: 

inf . [Q(e) + (H^ i -^ 1 ,e i -e^ 1 ) + {V}(e i , V ),^ lti )] = 

(»,e,i/)£AJ fc fc J 

= inf . [Q(er 1 + e) + (#(& - ^i,<9< - + {nf^ll.^tK 1 ).".,-'))] = 

(«,e,p)eA T . eB (ui fc ) 
5£l/ 1 (Q) 

inf . [Q(et 1 +e)+W(p,S) + ({y}(0 i ,r ? ),% 2) (( M r 1 W))] = 

(u,e,p)eA t . eg ('Uj|) 
z£L 1 (f2) 

= inf [Q(e) + (H& - Z^Oi - + ry), )] , 

where Bjj. is the class of all triplets (u,e,v), with u g BD(fl), e g L 2 (f2; M 2 *^) , g 
5G*r({4,...,4},n ; M 2 3 x2 xR), such that ia t « = (m^U t <-i and (u,e,p) g 

k'" k k'" k 

where (p, z) :— bar(f t » ). The first two equalities follow from the definition of A k and the 
continuity properties of the functional (4.11). On the other hand the infimum in the last 
line is greater than or equal to thc infimum in the previous line by Theorem 3.9, and is less 
than or equal to the infimum in the first line, since A\ C B k by (4.12) and (4.13). 

The existence of a minimizer (u\, e l k ,fi l k ) to (4.11) is guaranteed by the following lemma. 

Lemma 4.9. For every i the functional (4-U) has a minimizer on A\, every minimizer 
— : — Y 

K> e fc>/4) satisfies (/4) t > =5^^, and 

Q(el) + H CS (PI - VX\A ~ zl 1 ) < Q(e) + H cS (p - vX\ * - z?) (4.14) 
for every (u,e,p) g A(w(t k )) and every z g Mj,(f2). 

Proof. The lemma will be proved by induction on i . Assume that /jjjT 1 is defined and 

... 

(fi k ) t *-i = <5(pg, z g)- We shall prove that the functional (4.11) has a minimizer (u k ,e k ,fi k ) 

in A k and 

=«(pg,zg)- (4-15) 
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Thanks to Remark 4.8 there exists a minimizing sequence (u nil 6 m , z/ m ) in A}^. with 
v \... t i = T (p m ,z m )((l J 'k' 1 )t°...t^ 1 ) and ( u m,e m ,Pm) G A reg (w l k ). By (2.30) we have 

0i-0<-i) > Cvl&-&-i| + C£|0i-M + {F}(^ 1 ,r ? ), 

hence by the compatibility condition (7.2) of [4] the sequence 

Q(e m ) + CX(\ti - 6_i| + |0 4 - ^i|, v"U (x, 6_i, 0«,6, i; rf)) + 
+ ({V} (9^ , ry), v^U (x, 6-i , , »?)> 

is bounded uniformly with respect to m. By (4.12) we have — ) t <-i , so that 

Q(e m ) + Cf (|6 + 1^-^11,^,(^^1,^1,6,^^)) (4-16) 

is bounded uniformly with respect to m. Since by [4, Remark 2.9 and (7.2)] 

ii^ii* < m+m^ix^ouv)) = 

i k i k 

< (l6~6-i| + \0i-0^\, v«U (x, 6_i, ^1,6, 0u rf)) + 

L k l k 

+ <|&-i I + I , v"U (x, Ci-i , , 6 , 0i, r?)) = 

= (I6-6-1I + Ifc-M, (*> 6-1, 0<-i,6, fc, »?)> + 

+ <i&-i 1 + 1^1 1 , (/^r 1 )*« . ,»?)>. 

it follows from (2.22) and (4.16) and that e m is bounded in L 2 (0; M 2 *^) and is bounded 
in GY(Tl; M 2 ^ 2 xR) . Using (4.12) and [4, Lemma 7.8] we obtain also that v™ Q fi is bounded 

in GY'(n;(M?, x2 xR)* t - 1 ). 

Passing to a subsequence, we may assume that e m e weakly in L 2 (f2; M 2 * r 2 ) and 
i>Io fi vo...i weakly* in GY(fi; (M 2 ^ 2 xR)^ 1 ) . Let 1/ e SGY({t1, . . . , t|J,fi; M^ x2 xl) 

k'" k 

be the system associated with vo...i according to [4, Remark 7.9] and let (p, z) := bar(i/ t i). 
Note that (p^ 1 +p m ,z]T 1 + z m ) = bar(i/£?) (p,z) weakly* in M b (IT; M 2 ^ 2 )xM b (U) 
by [4, Remark 6.4]. Since {u m ,e m ,v m ) e A\ we have \\Eu m \\ x < ||e m ||i + ||bar(i/?)||i 
and \\w(t\) -u m ||i,r < ||bar(i/J?)|| 1 . By [19, Proposition 2.4 and Remark 2.5] it follows 
that u m is bounded in BD(Q). Therefore, passing to a subsequence, we may assume that 
u rn — ^ u weakly* in BD(Q). By [3, Lemma 2.1] it follows that (u,e,p) £ A{w\) , hence 
(u,e,v) e B\. 
We claim that 

e m -» e strongly in £ 2 (f2; M 2 * 2 ) . (4.17) 
Indeed, if not, then we can find a subsequence (not relabelled) such that 

Q(e) <limQ(e m ). (4.18) 

m 

Since the other term in (4.11) is continuous with respect to the weak* convergence of , 

l k t k 

to v t i-\ t i , (4.18) would imply that 

Q(e) + (Hfa - 0< - + {U}(^, »?), v t « t * (a;, 0<-i, 6, fc, »?)> < 
< inf [Q^ + ^-^i^i-^iJ+Vl^.^^trvJ] > 

(«,e,j>)eA' fc k k 

which contradicts the equalities in Remark 4.8, since (u,e,v>) e B\ . Therefore, (4.17) is 
proved. 
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We deduce from (4.17) that (u,e,v>) G A\ and that it is a minimizer of (4.11) in A\. 
From now on we set (u k , e k , n l k ) :— (u, e, u) . By Remark 4.8 and Theorem 3.9 we obtain 

min _ [QieX 1 + e) + H cS (p, z) + ({V}(9^, v ), (jjfc 1 )^)] = 

(fi,e,p)€A(i&«),2€M 6 (f2) k 

= 2(4) + {H& - - + {V}(e uV ), (K) cl ) > (4.19) 

k k 

> 2(4) + n cS (pl - vX\A - + ({v}(o+-i,v), (Mr 1 )*-) . 

k 

where the last inequality follows from Jensen inequality. Since (u l k — u l k l , e l k — 4~ iPfc - p 1 ^ 1 ) G 
A(w k ), we deduce that the previous inequalities are in fact equalities. Theorem 3.13 now 
yields (4.15). Finally (4.14) easily follows from (4.19). □ 

Corollary 4.10. For every i and k we have 

2(4) + n cB (pl - Pl\ o) < 2(e) + h cB (p - pX\ o) 

for every (u,e,p) G A(w(t k )) . 

Proof. It is enough to take z = z l k x in (4.14) and to use the inequality -ffeff(£, 0) > i? e ff (£, 0) , 
which follows from the fact that 8 \— > H e g(£,6) is convex and even. □ 

The following theorem shows that the incremental problems can be considered as a re- 
laxed version of incremental problems defined on functions. For different approaches to the 
relaxation problem in the context of rate-independent processes we refer to [15] and [16]. 

Proposition 4.11. Let us fix k. Let (u rn , e m , p rn ) be a sequence in A reg (w(0)) and let z m 
be a sequence in L (fi) . For every i>l let us consider two sequences (with respect to the 
index m) (u l ' m , e l ' m ,p l ' m ) G A reg {w k ) and z l ' m G L 1 (il). For every multiindex mo... mi 
with i + 1 components we define 

i i 

u m ... mi ._ u m a + u j ' m i , e m °- mi := e mo + e j,m3 , 

3 = 1 3=1 
i i 
pm ...mi ._ _|_ '^^p>> m 3 z m ...m.i ._ z m a _|_ p' m i 

3=1 3=1 

Note that 

( u m,...m i)emo ...m i]J) mo...m i ) g A reg (w k ) . 

Moreover, we define /i m »- mi G GY(Q; (M^ x2 xK) i+1 ) by 

m ...mi x 

P ((p m o iZ ">o),(p™o m i, z m o™i),... ! (p™o- -"»i !Z "»o- -"»i)) • 

Suppose that there exist & G L 2 (ft; M 2 *^) and /t J G SGY({t° k , . . . , t%}, O; M 2 ^ 2 xM) suc/i 
i/iai /or ever?/ i > 

lim ... lim e mo - m * = e J , (4.20) 

rrii — *oo mo — *oo 

lim ... lim = fit t , (4.21) 

where in the former formula all limits are with respect to weak convergence in L 2 (fl; M 2 *^) , 
while in the latter they are taken in the weak* convergence in C?r(S];(M 2 D x2 xR)«). Then 
for every i > 1 



liminf . . . liminf \Q( e m °- mi ) + H{p l > m %~z^ mi ) + V(z m °- m ')l > 

> Q(e i ) + (H& - - + {nc?i»»?). Ai« ti > , 

where fi l f i~i fi acts on the variable (x, 6i-\, £j, 6i, rf) . 



(4.22) 
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Conversely, if e 1 and fi coincide with the function e\ and the measure fx % k obtained 
in the incremental construction, then there exist two sequences (u m ,e m ,p m ) £ A reg (w(0)) , 
z m e and for every i > 1 two sequences (u l ' m , e l ' m ,p l ' m ) € A reg (w k ) and z l ' m £ 

such that for every i>0 (4.20) holds with respect to strong convergence and (4.21) 
holds with respect to weak* convergence, while 

lim ... lim \Q(e mo "- mt )+H{f' mt ,z i ' mt )+V(z mo "- mt )\ = 

mi— >oo mo— ^oo (A 9^ 

= q(4) + mti - 6-1, 6, - 0«) + {vm, V ), 

k k 

for every i > 1 . 

Proof. Inequality (4.22) follows from (4.20) and (4.21) by the lower semicontinuity of Q in 
the weak topology of L 2 (f2; M 2 *,^) and the continuity of the duality product in the weak* 
topology of GY(Ti; (M 2 D x2 xl) 2 ). 

By Theorem 3.6 and Lemma 3.7 there exist a sequence (u m ,e m ,p m ) £ A reg (w(0)) and 
a sequence z m £ L 1 (fi) such that u m uq weakly* in BD(Si), e rn — » eo strongly 
in L 2 (fi;M^) p ro po weakly* in M 6 (H; M 2 -,* 2 ) , z m z weakly* in M 6 (fi), and 
||(p"\z m )||i — > ||(po ; z o)||i ■ Using [17, Theorem 3] (see also [11, Appendix]) we obtain that 
S( p m tZ m) -^6 {p0tZo) weakly* in GY(U; M 2 - ) x2 xE). 

For every i > 1, by definition of A\ there exist a sequence (u J ' m , e J ' m ,p 4,m ) € j4 res (w^,) 
and a sequence z*' m S L 1 (17) such that 

u »-i + fi »,m ^ u * weakly* in 5,0(0) , 

e^ + - 4 strongly in L 2 (fi; M 2 * 2 ) , (4.24) 

Tfa, m ,#, m) {(fi\...t?) ~* weakly* in GF(fi; (M 2 D x2 xl)«) . (4.25) 

Condition (4.20) is trivially satisfied thanks to (4.24). To prove (4.21) we observe that for 
every % > 1 

mo...m» _ /r-i /■ mo...mj_i\ 

We now proceed by induction on i. Equality (4.21) for i = is true by construction. 
Assume that (4.21) holds for i — 1 . Then by Lemma 2.1 

lim ... lim fiT*-™* =T'. zi , mi M t iX\o t «) 
The conclusion for i follows from (4.25). □ 

4.3. Further minimality properties. We now prove that the solutions of the incremental 
problems satisfy some additional minimality conditions. 

Lemma 4.12. For every i and k and every t > t k we have 

Q{ei) + {{V}{e h rf),^i) ti {x,^e h rf)) < 
< Q(e) + (H(£ - - 0i),u t i ht {x, ^,6i, £, 9, r,)) + ({V}(9, rf),u t {x, £, 6, v )) 

for every {u,e,u) e BD(n)xL 2 (H; M 2 ^) xSGY({t° k , . . . , t\, t}, 0; M 2 ^ 2 xR) such that 

(u,e,p)eA(w(ti)), (4.28) 

where (p, z) := bar(i/ t ) . 

Proof. Let us fix (it, e, v) as in the statement of the lemma, and let v be the system 
in SGY({t° k . . .^},n ; M 2 3 x2 xM) associated with 7r**'"*H (f t o...t 4 t) e GF(H; (M 2 ^ 2 xl) ,+1 ) 

^k" k ^ ^ ^ 

according to [4, Remark 7.9]. Since n k satisfies (4.12), by (4.27) and (4.28) the triplet 
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(u, e,i>) satisfies (4.12) and (4.13), hence (u, e, u) belongs to the set B\ defined in Re- 
mark 4.8. By minimality we have 

Q(4) + (if (6 - 0* - Oi-i), (/*'fc) t « t i (*> 6, M) + 

+(W(»i.i).o*i)f i (j> 6,m) < 

< Q(e) + (tf(6 - & - 6^),i> t *-i ti (x, + 
+ ({y}(^,r 7 ), I > tL (x,6,^,r?)). 

Since (/4) t ^V fe = v e^v k > "t^ti = v t\H^ and ^ = we get 

Q(e 4 fe ) + (ff(6 - - ^i), i/ t « t , (x, 0i, r?)) + 

+ ({T/}(& t ,ry),(^) t /(x,6,^^)> < 
< Q(e) + (ff (£ - &_i,0 - ^i), i/^fo 6-1,^-1,6 0, rf)) + 

+ ({V}{6,ri),v t {x,Z,0,v))- 
From the compatibility condition (7.2) of [4] we obtain 

fi(e'fc) + (#(6 - - fli-i), v t « t « t (a;, 6-1,^-1,6, Oi, 6 0, r?)) + 

+ ({n(M^d-(*.&>M> < 

< Q(e) + (H(£ - 6-1,0 - fli-i), i/ t « t , t (x, 6-1, fc-i, 6, ft, 6 fl, »?)) + 

+ <{n(MW*,£,M)>- 
By the triangle inequality (2.11) we deduce that 

<Q(e) + {H^-^,e-6i), v t i-i tit (x, 6-1 , , 6 , ft , 6 6, r?)> + 

which gives (4.26) by the compatibility condition (7.2) of [4]. □ 

For every i and k we set cr£, := Ce k and for every i e [0, +00) we consider the piecewise 
constant interpolations defined by 

Ufc(i) := u 4 fe , e fc (t) := e 4 fe , p fc (i) := pj. , z fc (i) := 4, 

<r fc (t):=4. Wfc(i) : =™iL Wfe : =4 ; 

for f e [tfc,^ 1 )- We define also /x fe as the unique system in SGY([0, +00), Q; M^ x2 xM) 
whose restrictions to the time intervals [0,t\] coincide with the piecewise constant inter- 
polations of nl e SGY({t° k , . . . ,t k },Ti;M 2 * 2 xR) introduced in [4, Definition 7.10]. As 
(Pfc(*)>*fc(*)) = bar((/i fe ) t ), we have also 

(u fc (t), e k (t),p k (t)) € A(w k (t)) (4.30) 

for every t G [0, +00) . 

Lemma 4.13. Let t,t <G [0, +00) t <t. Then 

Q(e k (t)) + ({V}(6, t?), (/x fc ) t (x, 6 0, r?)) < 
< Q(e k (t) - Ew k (t) + Ew k {t)) + (H(i - 6 - 0), (n k ) ti (x, 6 0, 6 0, »?)) + (4.31) 

+ ({v}(§, v ),(n k ) i (x,ie, v )) 

for every k. 

Proof. Let u := «&(£) — + ttffc(t) and e := efc(i) — Ew k (i) + Ew k (t), and let i be 

the greatest index such that t\ < t. Since the triplet (u, e, (fi k ) t o t ij) satisfies (4.27) and 
(4.28), the result follows from Lemma 4.12. □ 
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Lemma 4.14. Let t e [0, +oo) . Then 

Q(e fe (0) + <m(M),^ fe )t(^M)> < . , 

< Q(e k (t) + g) + H(p, z) + ({V}(9 + V z(x), V ), (p k ) t (x, £, 9, r,)) ( ' ' 

for every (u,e,p) € A reg (0) and every z G 

Proof. Let us fix (u,e,p) £ A reg (0) and I e L 1 (il). Let i be the greatest index such that 
t\<t and let t > t\. We set u := u\ + u = Uk{t) +u, e := e\ + e = eh(t) + e, v t o t « £ := 

T (S)(04)t° fe ..4) = ^((MfcJto...**), and we define v e SGK({tg, . . . , t{, t}, O; M^xK) 
as the system associated with f t o t «£ according to [4, Remark 7.9]. Since the triplet (u, e, v) 
satisfies (4.27) and (4.28), the conclusion follows from Lemma 4.12. □ 

4.4. Energy estimates. We now prove some energy estimates for the solutions of the 
incremental minimum problems. 

Lemma 4.15. For every T > there exists a sequence uJ k — ► + such that 

Q(e k (t)) + V H ( Pk :0, t) + ({V}(8, rj), {n k ) t {x, £, 9, V )) < 

r \t ]k (4-33) 

< Q(eo) + V(z ) + / (<r k (t),Ew(t)) dt + uF k 
Jo 

for every k and every t G [0, T] . 

Proof. Let us fix T > and t G [0, T] . Arguing as in [4, Remark 8.5], we can prove that 

i 

V H (n k ;0,t) = ^2(H(Cr - £ r -i,9 r - 9 r -i),((i k ) t r^i tl (x,£ r -i,9 r - 1 ,£ r ,9 r ,i 1 )) , 

r=l 

where z is the largest integer such that t l k <t. Therefore, using the definition of piecewise 
constant interpolation of a generalized Young measures, we have to show that there exists 
a sequence iv k — > + such that 



2(4) + ^2{H(tr - tr-l,0r ~ #r-l), (Mfe)t^ 1 ^ ( x > £r-l , #7-1 , £r , 0r,»?)) + 

+ <w(»,»?),(Mi) ti («,e, <?,»?)> < ( 4 - 34 ) 

< Q(e ) + V(z ) + / (<r fc (t), £;«;(*)) <ft + w^ 



for every k and every i with t l k <T. 

Fix an integer r with 1 < r < i and let tt^ : Hx (M^ x2 xM) r xE -> Ox(M^ 2 xR) r+1 
xR be the map defined by 

7T (r) (x, (Co,^o), • • • , (£ r -lA_i),r?) = (x, (£ A), • • • , (£ r -lA-l), (£r-l , #7-1 ) , V) ■ 

Let u := ul' 1 - wl' 1 + w r k ,J := e^ 1 - Ewl' 1 + Ew r k , and At°...*j; : = ^((Mfe" 1 )^...^ 1 ) ■ 
Let (i e S , GF({^, . . . ,^},n ; M^ x2 xIR) be the system associated with £ t °...t£ b Y [ 4 , Re- 
mark 7.9]. It is easy to check that 

Let (p,z) := bar(/t t r). Since p = p k ~ , we find that (u,e,p) € A(w£), hence (u,e,fi) 
belongs to the class _B£, introduced in Remark 4.8. By minimality we have 

Q(efc) + (H^r-^Or - r -i) + {V}{9 r ,n), (/x r fe ) t -V (x, £ r -i, r _i, 9 r , r,)) < 

k k (4.35) 

< 2(e) + - £r-l, <?r - 0r-l) + {V}(9 r , »?), A^r {x, ^-1,^-1,^,^, 7?)) . 
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As Vt^ti = °* {r) )(b*7\...t]r i ) and 

(ntli^ O 7T (r) )(x, (£o,#o), • • • , {£r-l,Qr-l),V) = (x, (£ r -l,0 r -l), (£r-l, #r-l), 7?) . 

we have 

{H(£ r - £ r _i , r - r -i ) , /i^i t j. (a;, £, r -i , r -i , £ r , 6 r , rj) ) = 

and 



({^(^^j.At-'tj^^-i^r-i,^,^,!))) = ({V}(0 r _i,r?),(/z£ ) tr i(x, ^i,6l^i,r?)) . 
Therefore (4.35) gives, thanks to the compatibility condition (7.2) of [4], 

2( e fc) + ( H {€r - £r-lA - #r-l), (Mfe) t ^ t r £r-l , #7-1 , £r , #r , V)} + 

+ ({v}(e r , v ),(ni) t r(x,^,e r , v )) < (4.36) 

< Qie^ + Ewl Ewlr 1 ) + ({Wr-i,r/), (^^(x^r-uO^r,)) , 
where the quadratic form in the right-hand side can be developed as 

Q(er 1 + Ewl - Ewlr 1 ) = Q(e r k - 1 ) + (a r k ~\ Ew r k Ew^ 1 ) + Q(Ew r k Ew^ 1 ) . (4.37) 
From the absolute continuity of w with respect to t we obtain 

f k 

w k- w l = w(t)dt, 
where we use a Bochner integral of a function with values in H 1 (0; M 2 ) . This implies that 

Ew r k ~ Ewl' 1 = / E ™(t) dt i ( 4 - 38 ) 

where we use a Bochner integral of a function with values in L 2 (fi;M^^). By (2.22) and 
(4.38) we get 

Q{Ewi-Ew r k - l )<(3 c ( f \ \\Ew(t)\\ 2 dt) 2 . (4.39) 
By (4.36)-(4.39) we obtain 

2(4) + ( H (Zr - £r-lA ~ Or-l), (vl) t^ 1 r k ( X > , 6 r -l, £r, 6 r , 7))) + 



where 



< Q{e r k - X ) + ({V}(6 r -i, rj), (Mfe -1 )^ 1 ( x > ^r-i,O r -i,r])) + 
+ I ' "_ i {a r k -\Ew{t))dt + (3 c (^ f \ \\Ew(t)hdty < 

< QK- 1 ) + {{V}{e r . u ri),{^\^{x^ r . u e r . u ri)) + 

+ [" (a r k -\Ew(t))dt + pl f" \\Ew(t)\\ 2 dt, 

p^:=max/3 c / \\Ew{t)\\ 2 dt -> 



(4.40) 



by the absolute continuity of the integral. Iterating now inequality (4.40) for 1 < r < i , we 
get (4.34) with wl := p£ /„ T ||£to(i)|| 2 dt • □ 
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4.5. Proof of the main theorem. Let us fix a sequence of subdivisions (t k )i>o of the 
half-line [0, +00) satisfying (4.9) and (4.10). For every k let (u\, e\, n\) , i = l,...,k, be 
defined inductively as minimizcrs of the functional (4.11) on the sets A l k , with (u k , e k , fi k ) = 
(Mo,eo,£(p ,zo))j and let u k {t) , e k (t), cr k (t), w k (t) , and [t] k be defined by (4.29) and let n k 
be the unique system in SGY([0, +00); fl; M^ x2 xR) whose restrictions to the intervals [0, t l k ] 
coincide with the piecewise constant interpolations of fi k (see [4, Definition 7.10]). Using 
Lemma 2.1 and the definition of A k we can prove by induction on i that (u k ,e k , n k ) G 
AY({t k ,t k , . . . ,t k } 7 w k ) for every i and k. This implies that 

{u k ,e k ,n k ) G AY([0, +00), w k ) (4.41) 

for every k . 

Let us prove that for every T > there exists a constant Ct , independent of k , such 
that 

sup \\e k (t)\\ 2 < C T , Var(/x fe ; 0, T) < C T ■ (4.42) 

te[o,T] 

By (2.30) we have 

( Mfc ; 0, t) + ({V}(9, rf), {ft k ) t (x, e, 0, V )) > 
> (H(Z-Zo,0-8o) + {VMri),(n k ) ot {x,Z o ,Oo,Z,e,v)) > U43) 

>(c$\z-z \ + c«\6-e \ + {v}(6o,v),(» k )ot&t;o,eo,t;,e,r ] ))= [ ' ' 
= c$ (le - &| + |<? - e \, (nMx, to,e , n, 9, t?)) + v(z ) , 

where the last equality follows from the fact that (/J, k ) = <5( Po ,z ) ■ From (2.22), (2.23), 
(4.33), and (4.43) we deduce that 

aclMOHl </3c||eo||i + 2/3 c sup ||e fe (t)|| 2 / ||£7w(£)|| 2 dt + w£ 

t£[0,T] Jo 

for every k and every t G [0, T] . The first estimate in (4.42) can be obtained now by using 
the Cauchy inequality. 

By (4.33) and the first inequality in (4.42) we have that 

V H (p k ; 0, t) + ({V}(9, rf), {ft k ) t (x, £, 9, V )) (4.44) 

is bounded uniformly with respect to k and t G [0, T] . By (4.43) this implies the bounded- 
ness of 

(K - Col + \0~ o \, (Mk)ot(*>6>,0o,£,M)> • (4-45) 
By the compatibility condition (7.2) of [4] and by the equality (n k ) — <5( po ,zo) we have 

(ICol + N, {ti k ) ot (x,Zo,0o,Z,0,ri)) = Ibolli + Ikolli , 

which, together with the boundedness of (4.45), gives that + \6\, (fi k ) t (x, £, 9, rj)) is 
bounded. This implies that ({V}(6, rf), (n k ) t (x, £, 6, 77)) is bounded too, so that (2.13) and 
the boundedness of (4.44) yield the second estimate in (4.42). 

By the Helly Theorem for compatible systems of generalized Young measures proved in [4, 
Theorem 8.10] there exist a subsequence, still denoted fi k , a set 8c [0, +00) , containing 
and with [0, +oo)\0 at most countable, and a left continuous fi£SGY([0, +00), Q; M 2 ^ 2 xl), 
with 

sup \\n t \\* < +00, Var(/x;0,T) < +00 (4.46) 
te[o,T] 

for every T > , such that 

(M fc ) tl ...t ra ^ MtL.-t™ ^akly* in Gr(ft; (M 2 D x2 xM) m ) (4.47) 
for every finite sequence t\, . . . , t m in 9 with t\ < ■ ■ ■ < t m . 
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Let p k (t) E M b (n;M 2 ^ 2 ), z k (t) E M 6 (0), p(t) E M 6 (0; M 2 ^ 2 ) , and z(t) E M b (n) be 
the measures defined by 

(p fc (t),* fc (i)):=bar((/i fc ) t ) and (p(t), z(i)) := bar(/x t ) . (4.48) 

By (4.47) and by [4, Remark 6.4] we have 

p k {t)^p{t) weakly* in M 6 (f2; M 2 ^ 2 ) (4.49) 

for every ts9. 

By Corollary 4.10 the sequence (uk(t), ek(t),p k (t)) coincides with the discrete-time ap- 
proximation of the quasistatic evolution corresponding to the function £ H c g(t;,0) ac- 
cording to [3, Definition 4.2]. Using [3, Theorems 4.5, 4.8, 5.2] we obtain that there exist a 
subsequence, still denoted (itfc, e k ,Pk) , a continuous function t (it(i), e(£)) from [0, +oo) 
into BD{Vt)xL 2 {Vt;M 2 S y 2 n ) and an extension oi t ^ p(t) to [0, +oo) , still denoted by the 
same symbol, such that t \— > (u(t) , e(t) , p(t)) is a quasistatic evolution of the problem cor- 
responding to the function £ i— ► iJ e ff(£, 0), and 

e fc (t)-e(i) strongly in L 2 (ft;M^), (4.50) 
u k (t) u{t) weakly* in BD(ty , (4.51) 

for every t E [0, +oo) . 

By Remark 4.4 and by (4.41) the triple (it, e, p) belongs to AY(Q, w) . By the left 
continuity of u, e, p we have also (u,e,p) E AY([0, +oo), w) . 

Let us fix (u,e,p) E A reg (0) and z E i 1 (fi). Passing to the limit in (4.32) thanks to 
Lemma 2.1 we obtain that (evl) is satisfied for every t E 6. By left continuity the same 
inequality holds for every t E [0, +oo) . 

By (4.42) and by the weak* lower semicontinuity of the dissipation we can pass to the 
limit in (4.33) and we obtain 

Q(e(T)) + V H (p; 0, T) + ({V}(6, V ), p T (x, £, 6, rj)) < 

T (4.52) 
< Q(e ) + V(z ) + / (<r(t), Ew(t)) dt , 



for every T E . By left continuity the same inequality holds for every T E [0, +oo) . 
Passing to the limit in (4.31), we obtain 

Q(e(t)) + ({V}(e,r,),p t (x,^e, V )) < 
< Q(e(t)) - (er(£), Ew(t) - Ew(t)) + Q(Ew(i) - Ew(t)) + (4.53) 
+ (H(i -£,§- 9), p ti {x, £, 9, 1 0, r,)) + ({V}(6, r,),» { {x, £, 9, r,)) 

for every t,i £ with t < i. By left continuity the same inequality holds for every 
t,t E [0, +oo) with t < i. 

Using this inequality, we want to prove that 

Q(e(T)) + V H (p; 0, T) + ({V}(9, V ), p T (x, £, 6, rj)) > 

r T (4-54) 



> Q(e ) + V(z ) + f (<r(t), Ew(t)) dt , 
Jo 



for every T E (0, +oo) . 

Let us fix T E (0, +oo) and a sequence of subdivisions (s k )o<i<k of [0, T] with 

= s fc<4<--- <4~ 1 < sh k = T > 

lim max(4- S ^) =0. ( 4 ' 55 ) 

k—>oo KK/c 
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For every i = 1, . . . , k we apply (4.53) with times s 1 ^ 1 and s\ , and we obtain 
Q(e(s^)) + ({V}(9^,r,),n s ^(x, ^1,^1, r?)) < 

k 

< G(e(4)) - (a(si),Ew(si) - Ew(s^)) + Q{Ew(a\) - Ew(s^)) + (4.56) 
+ {Hfo - b-uOi -9^), Ma j-i aJ (x, Ci-i, flv-i, 6, M) + ({V}(0i, v), H si {x, ^,6 h v)). 

k k k 

We notice that 

(a(si),Ew(si)-Ew(s^)) = f' k (tr{8%),Ew{8))d8, 

Js l 

Q{Ew{s k ) Ewisf 1 )) < c (Jj\Ew(s)hds) 2 , 
(H(£i - 0* - <?i-i), /* 8 « 8 i 6-1, 0i-i, &, 0i, ??)) < T> H {n\ 4~ \ 4) . 

On [0, T] we define the piecewise constant function <ffc(s) := <t(sj.), where z is the smallest 
index such that s < s\. Summing the inequalities (4.56) for 1 < i < k , we obtain 

Q(e(T)) + V H {ix; 0, T) + ({V}(6, V ), n t {x, £, 9, rf)) + P k f \\Ew(s)h ds > 

T J o (4.58) 

> Q(e ) + V(z ) + / (**(«),£?«;(«))<&, 
Jo 



(4.57) 



where 



r4 

p k := sup /3 C / \\Ew(s)\\2 ds . 

Ki<k Js]- 1 



Now conditions (4.55) and the continuity of <x guarantee that p k — > and that <ffc — > er 
strongly in L 2 ([0, T]; L 2 (f2; M 2 *^)) . Hence, taking the limit as — > 00 in (4.58), we obtain 
inequality (4.54), which, together with (4.52), gives (cv2). 

4.6. Some properties of the solutions. We conclude this section by proving some qual- 
itative properties of the Young measure solutions to the evolution problem. 

Theorem 4.16. Let (u, e,/x) be a globally stable quasistatic evolution of Young measures. 
For every t G [0, +00) let (p(t),z(t)) := bar(/x t ). Then (u,e,p) is a quasistatic evolution 
corresponding to the function £ i? e ff(£,0) according to [3, Definition 4.2]. 

Proof. Let us fix t € [0, +00) . We want to prove that 

Q(e(t)) < Q(e(t) + e) + W e ff(p, 0) . (4.59) 

for every (u, e,p) £ ^4(0) . Let us fix (u, e,p) , let , be the pair of measures associated 
with fi t by [4, Theorem 4.3], let (n*' ) xe n be the disintegration of fij considered in [4, 
Remark 4.5], let 

F(x, 1 9) := f [H(l 9) + V(9 + 9) - V(9)] dtf' Y (£, 9) , 

JM 2 D x2 xl 

let F°° be the recession function of F with respect to (£,#), and let coF be the convex 
envelope of F with respect to (£, 9) . It is easy to see that F°° = H + V°° . We claim that 

co F = H cS . (4.60) 

Indeed, as V is concave, we have V(9 + 9) — V(9) > V°°(9) , which gives 

F(x, 1 9) > f [H(l 9) + V°°(6)] dp x t y {$, 9) = H& 9) + V°° (9) > H eS & 9) , 

JM 2 „ x2 xl 
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where the intermediate equality follows from the fact that \i t : is a probability measure. 
This implies co F > H c g ■ The opposite inequality can be obtained arguing as in the proof 
of (3.4). 

By Theorem 3.8 there exist a sequence (uk,ek,Pk) € A(0) andasequence z k € such 
that p k € LHn- M** 2 ) ,ek -» e strongly in L 2 (Q; M 2 * 2 ) , p k -a p weakly* in M b (U; M 2 D x2 ) , 
z k — 1 weakly* in M&(fi), and 

W(j5 fe ,%) + V(z fe ) — > W eff (f>,0) + V(0). 

Passing to a subsequence, we may assume that &(§ kt z k ) converges weakly* to some v e 
GY(Ti;M 2 * 2 xR). We note that bar(z/) = (p,0) and that 

0) + {V}(0, »?), i/(sc, |, 0, ??)) = H cB (P, 0) + V(0) . 
By Theorem 3.10 we deduce that 

v = (5(0,0) + + l^fp^-z) + + \ w {p x -*x) ' ( 4 ' 61 ) 

where A := |p s | and p x is the Radon-Nikodym derivative of p s with respect to |p s |, while 
z and z\ are two nonnegative functions such that 



H eS (p a ,0) = H(p a ,z) + V°°(z) a.e. in ft 

H cS (p\0) = H(p x ,z x ) + V°°{z x ) A-a.c. in ft. 

As ^ weakly* in GF(ft; M^ x2 xR) , we have 

F(x 1 p kl z k )dx — ► ({F},u), 

JO. 

where 

jvF(i/v,0/v) ifr/>0, 



(4.62) 



\F°°(i6) if r/ < . 



As F°° = H + V°° , using (4.61) and (4.62) we obtain ({F},is) = H e s(j>,0), hence using 
also the strong convergence of e k to e , we deduce 

Q{e{t)+e k ) + [ F(x,p k ,Z k )dx — > Q(e(i) + e) + W e ff (p, 0) . 

From the definition of F(x,£,6) this is equivalent to saying that 

Q(e(t) + e fc ) + W(p fc) * fc ) + ({F}(0 + r/z fc (x), r?) - {V}(9, r,), p t (x, £, 9, V )) 

converges to Q(e(t) + e) + H c g(p, 0) . Since 

fi(e(t)) < Q(e(t) + e~ fe ) + W(p fc) * fc ) + ({V}(6 + r,~z k (x), r,) - {V}(6, V ), n t {x, 6, r,)) 

by (evl), we obtain (4.59) by passing to the limit as k — > oo. 

Thanks to [3, Theorem 4.7], to conclude the proof of the theorem it is enough to show 
that 

Q(e(T))+V He!! ((p,0);0,T)< Q(e ) + [ (cr(t),Ew(t)) dt (4.63) 

Jo 

for every T e (0, +oo), where V Hetr ((p,0);0,T) is defined as in [3, Section 4]. By (ev2) it 
suffices to prove that 

V He!! ((p, 0); 0, T) < Vaifn- 0, T) + ({V}(9, »?), M*. & V)) - fi ,x 
-({V}(e,r,),to(x,S,6,ri))- 1 ' ' 
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To show this we fix any subdivision (U)o<i<k of the interval [0, T] . From the definition of 
T>h we obtain, using the compatibility condition (7.2) of [4], 

V H (/x; 0, T) + ({V}(6, ri),nr(x, £, 9, r?)) - ({V}(6, ??), /z (z, £, 9, v )) > 

k 

> J2( H & - &-i> * - + {v}(0uv) - {VK0i-i,v),^ ltt (*> Si-iA-i,SiA, v)) > 
»=i k 

> X]^ eff te -^-i'^ — /x f ._ lf . (a;, , 6>i_i , ^,77) > 

i=1 k 

> h Mp(U) - p(ti-i), z(U) - z(ti_i)) , 

i=l 

where the last inequality follows from the Jensen inequality. Recalling that H c s(£,6) > 
H c fi{£,,0) for every £ and 0, from the arbitrariness of the subdivision we obtain (4.64). □ 

Every globally stable quasistatic evolution of Young measures is absolutely continuous 
with respect to time, as made precise by the following theorem. 

Theorem 4.17. Let (u, e,/x) be a globally stable quasistatic evolution of Young measures. 
Then for every T G [0, +00) the functions u and e are absolutely continuous on [0, T] with 
values in BD(fl) and L 2 (f2; M 2 *,^) , respectively, while fi is absolutely continuous on [0,T] 
according to [4, Definition 10.1]. 

Proof. The assertion on u and e follows from Theorem 4.16 and [3, Theorem 5.2]. 
By (2.30) we have 

C£Var(M;*i,*2)<Xk(M;*i,*2)+<{l'}^^ 

It follows from the energy balance (ev2) that the right-hand side of the previous inequality 
is equal to 

Q(e(ti)) - fi(e(t 2 )) + / 2 (<r(t), Ew(t)) dt , 

therefore 

c$ (16 - a I + \e 2 - ft I , /*t lta (a, & a , & ,02 , »?)> < 

< |fi(e(ti)) - fi(e(t 2 ))| + / 2 |<<r(t),£7ti;(t)>|dt. 

Since the functions t Q(e(t)) and i f Q |(er(s), _Etb(s))| ds are absolutely continuous, 
we conclude that fi satisfies [4, Definition 10.1] . □ 

Owing to the previous theorem, if (u,e,(i) is a globally stable quasistatic evolution of 
Young measures, then /i has a weak* derivative /i t at a.e. time t G [0 + 00) in the sense 
of [4, Definition 9.4]. The next theorem deals with the structure of fi t and shows that the 
finite part ~pY of fi t docs not evolve. 

Theorem 4.18. Let p Q e L 1 ^; M^ 2 ) , z G L^fi), w G ^C; oc ([0, +00); ff 1 ^; K 2 )) , let 
(u, e, /z) be a globally stable quasistatic evolution of Young measures with boundary datum 
w such that JIq = <S(p and let (p(t),z(t)) :— bar(/x t ) . Denote the total variation of 
the measure (p s (t) , z s (t)) by X(t) , and let (p (t),z (t)) be the Radon- Nikodym derivative 
of the measure (p s (t),z s (t)) with respect to X(t). By Lemma 3.3 for a.e. t G [0, +00) there 
exist z{t) G L 1 {Q), with z{t)z a {t) > a.e. on Q, and a(t) G L°°(Q), with < a(t) < 1 
a.e. on ft, such that 

z a {t) = cc{t)z{t) + {l-cc{t)){-z{t)), 
H eS (p a (t),z a (t))=H(p a (t),z(t)) + V™(z(t)) { - ' 
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a.e. in 0, and there exist Z\(t) € L X ^(Q) , with Z\(t) z x (t) > \(t)-a.e. on Q, and 
«x(i) € ^xm(^)> ™^ ^ a x(*) ^ 1 A(i)-a.e. on 0, such that 

z x (t) = a x (t)z x (t) + (1 - a x {t))(-z x (t)) , 
H cS (p x (t),z x (t))=H(p x (t),z x (t)) + V°°(z x (t)) { - ' 

\(t)-a.e. in f2 . Then 

ix t = «y (0i0) + a {t)uf; a(t) m) + (i - a(i)v£ a(t)j _. W) + 6 

+ «A(*V^ (t)i4jk(t)) + (1 - aAWV^)^^, 

and 

Weff(p(t), *(*)) - W«ff(p(*), 0) (4.68) 
/or a.e. t€ [0, +oo) . Moreover, 

7% = <W») (4-69) 

/or every i G [0, +oo) . 

Proof. As the system fi is absolutely continuous with respect to time by Theorem 4.17, we 
have by [4, Theorem 10.4] that for every t\,t 2 € [0, +oo) with t\ < t 2 

V H (n: ti, t 2 ) = / 2 fl), /*t(a:, £, 9, r,)} dt , (4.70) 
Jti 

where fi t is the weak* derivative of fi at time t in the sense of [4, Definition 9.4]. By [4, 
Remark 9.6] we also have that the maps t i— > p(t) and i z(f) are absolutely continuous 
and (p(t),z(t)) = bar(/i t ) for a.e. t e [0, +oo) . 

From Theorem 4.16 and [3, Proposition 5.6] it follows that 

Q(e(t 2 ))+ [ 2 H c x(P(t),0)dt=Q(e(t 1 ))+ f \a{t),Ew{t)) dt . 
Jti Jti 

By (ev2) and (4.70) we deduce that for every ii < t 2 

f 2 (H(t 0),U t ) dt + ({V}(6 2 ,v) - {V}(0i,v),fH ltl ) = I 2 Weff(p(*). 0) dt , (4.71) 

where the measure fi t acts on (x,£,9,rj), while /x tlt2 acts on (x,£i,6i,£ 2 ,6 2 ,r]) . By con- 
cavity we have {V}(6 2 ,ri) - {V}(0i,r}) > V°°(6 2 - 6»i), so that (4.71) yields 

[ t2 (H(Z,8),v t )dt+(V™(0 2 -e 1 ),» tlt2 )< f t2 H cS (P(t),0)dt. (4.72) 
Jti Jti 

Dividing by t 2 — t\ and letting t 2 — > ti = t we obtain 

(tf^ + ^^^^M)} <Weff(p(*),0) <Weff(p(t),i(t)) (4.73) 

for a.e. i e [0, +oo) . Using the Jensen inequality for generalized Young measures [4, Theo- 
rem 6.5] we conclude that 

(H(£, 9) + V°°{6),vi t (x, £, 0, n)) = H eS (p(t), 0) = H eS (p(t),z(t)) (4.74) 

for a.e. t G [0,+oo), which shows, in particular, (4.68). By taking the derivative of (4.71) 
we obtain from (4.74) 

lim {^L.-({V}(6 2 , V ) {V}(6 UV )) V™{^),» tit2 ) =0. (4.75) 

t2" >t x 

As — V°° is convex and positively homogeneous, by [4, Theorem 10.4] we have that for 
every t e [0, +oo) 



(V°°(0i - 6o),n ot ) > f {V°°,jt a )ds, 
Jo 
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where fi ot acts on the variables (x, £o, 0o, £1, 0i, v) ■ Since s 1— > ({V},/J, s ) is absolutely 
continuous and by (4.75) 

for a.e. s € [0, +00) , we deduce that 

(^(fli-flo),^) > ({V}(0i,v)-{V}(6 o ,v),» ot )- (4-76) 
Let ^: nx(M^ x2 xl) 2 xK^ fixlxi be defined by 

i>{x, £0, #o,£i,0i,f?) := (a,0i - 0o, »?) , 

and let ^ := ip(n ot ) . By repeating the arguments used in the proof of (3.78)-(3.80) we 
obtain 

({n(0i,»?) - {V}(e ,v),» t) > + - {V}{riz {x),r,),v) , 

where v acts on (x, 0,7j). This inequality, together with (4.76), yields 

(V^» > ({V}(»7«o(a;) + fl>,»7)-{y}(»7«o(a:), *?),!/>, 
By (2.27) it follows that V Y = So- Arguing as in the proof of (3.82), we conclude that 

Mtf) = h Q ■ (4.77) 

where ttr: HxM^xRxM -> totxl is defined by 7ni(x, £, 0, 7?) := (x,0,r?). 

As the system /x is absolutely continuous with respect to time, we also have that the 
system Ji Y given by t := (/x t t ) is absolutely continuous, so that its weak* 
derivative ~p Y exists for a.e. i e [0, +00). We note that in general the weak* derivative 
~p Y of ~p Y does not coincide with the finite part (/t t ) Y of ji t . Nevertheless the following 
identity holds 

W) Y =TK) Y - (4-78) 
To see this we observe that at every time t where both fi t and are defined, there also 
exists the weak* limit of the difference quotients ?t s (Ats ) as s ^ t + (see [4, Definition 9.1]), 
which is an element of M+(ITxM^ x2 x]RxM) supported on {77 = 0} (see [4, Definition 2.8]). 
The equality (4.78) follows now from the identity 

Using (4.77) and Corollary 3.12 it is easy to see that ip(~pY s ) = So for every s > t, which, 
in turn, implies 

ttmC^D = ■ (4.79) 
By (4.78), (4.79), and [4, Lemma 4.8] we deduce that 7r R ((/i t ) y ) = S - It follows that 

({V}(6, 77), A t (x, 9, 77)) = (V°°(0),ii t (x, £, 0, 77)) + V(0) , 
hence by (4.74) we have 

(H{£, 9) + {V}(9, 77), ii t {x, Z, d, 77)) = H eS (p(t),z(t)) + V(0) (4.80) 

for a.e. t e [0, +00) . Identity (4.67) is now a consequence of Theorem 3.10 (applied with 
Po = and z = 0). 

We now claim that for almost every t G [0, +00) 

Wt = 5(0,0) • (4.81) 

Let us fix t G [0, +00) such that fi t and ~p Y exist. By (4.67) and (4.78) there exists 
€ M+(fixM^ x2 xRxIR), with support contained in {77 = 0}, such that 

K = 5(0,0) + »V ■ (4-82) 
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By (4.82), (4.79), and Lemma 3.11 we infer that 

(f(x, 6, r,),v?(x, £, 9, v)) = {f{x, 0, »,), i/f (x, & 0, r,)} , (4.83) 

(f,iil)= [ f(x,0,0A)dx + (f(x,Z,0, V ),is?(x,ti,6,r))) (4.84) 
Jn 

for every / e B^ J(T!xM^ x2 xlxl) . Let vf e M+fHxM^xlxR) be the weak* limit 
of the difference quotients 9ts(Ata) as s ~~ * ^ + ■ F rom (4.67) and (4.84) it follows that 

C/> 2 °°)= / a/(z,p a ,z,0)dz + [ (l-a)f(x,p a ,-z,0)dx + 
Jn Jn 

+ [_a x f(x,p x ,z x ,0)dX + [jl- a x )f(x,p X ,-z x ,0)dX- (4.85) 
Jo Jn 

-(f(x^,0,v),^°(x^,e,ri)) 

for every / € i?^"{ l (ilxM^ x2 xMxR) . In the previous formula and in the remaining part of 
the proof the dependence upon time is omitted, since t is fixed. 

We shall prove that = 0, so that claim (4.81) will follow from the decomposition 
(4.82). According to [4, Remark 4.5], there exist tt 00 e M 6 + (H) and a family {^°°) xe n of 
probability measures on £ := {£ e M^ x2 : |£| = 1} such that 

(/(a^O,;?),^ (*,£,« = j_(Jj(x,Z,0,0)dv*'°°(li))dn°°(x) (4.86) 

for every / £ B^7(fixM^ x2 xRxK). We have to prove that tt 00 = 0. Let us consider the 
Lebesgue decomposition ir°° = ir°° ,a + ir°°' s . 

We first prove that 7r°°' a = . We argue by contradiction. Assume that there exists a 
Borel set A, with C 2 (A) > and X(A) = 0, such that 7r°°' a (a;) > for every x e A. 

For every Borel set A' C A let f{x,^,6,rj) := l J 4/(a;)|^|. Since z/f° is positive, by (4.85) 
and (4.86) we deduce that 

/ \p a \dx> [ ir°°< a dx 

J A' J A' 

for every Borel set A' C A. Therefore, \p a \ > a.e. on A and there exists h e L°°{A), 
with < h < 1, such that 7r°°< a = h\p a \ on A. 

Since |p a | > a.e. on A, by (4.65) and Lemma 3.5 we have that \z\ > a.e. on A. Hence, 
there exists M > such that the set A M := {x e A : \p a {x)\ < M, \z(x)\ > has positive 
Lebesgue measure. Let us consider the function f(x,£,9,t]) := 1a m {x)(\^\ — M 2 \9\) + . Using 
(4.85), (4.86), the fact that 7r°°' a = h\p a \ on A, and the positivity of vf , we obtain 

f {\p a \- M 2 \z\)+ dx> f h\p a \dx, 

J Am J Am 

which gives the contradiction, since the left-hand side vanishes, while the right-hand side is 
strictly positive. Therefore, 7r°°' a = 0. 

It remains to prove that 7r°°' s = . We argue by contradiction. Assume that there exists 
a Borel set A with C 2 (A) = and 7r°°< s (A) > 0. 

For every Borel set A' C A let f(x,^,9,r]) := Ia>{x)\£\. Since is positive, by (4.85) 
and (4.86) we deduce that 

/ dA > 7r°°^(A') 

J A' 

for every Borel set A 1 C A. Therefore, there exists h\ E L^(A), with < h\ < 1 , such 
that 7r°°' s = h x \p x \X on A. Taking A smaller if needed, we may assume that X(A) > 0, 
h\ > and |p A | > A-a.c. on A. We can now argue as before with C 2 replaced by A and 
we obtain a contradiction, which implies 7r°°' s = . 

This concludes the proof of the fact that — and, in turn, of (4.81) by (4.82). 
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By [4, Theorem 10.4] identity (4.81) yields 

Var(7I y ;0,t)= f {yfitf + P,i%(x,Z,6,ri)) dt = 
Jo 

for every t G [0, +oo) . By Corollary 3.12 we deduce that 

(16 - VPo( x )\ + I 61 ! - VZo(x)\,~Pt (x, T})) = 

= (16 -Zo\ + \0i-0 \, 7x£(*,6,0o,6, U rj)) <Var(7I r ;0,i) = 0, 

which easily implies the (4.69). □ 

Remark 4.19. We remark that in the previous proof we could not deduce (4.69) from 
(4.67) simply by "integration" with respect to time. In fact, for a system \x of generalized 
Young measures it is not true in general that the knowledge of fi t and of fi is enough to 
identify /x t , as the following example shows. 

Let U := (0, 1) and for every t G [0, +oo) let p(t) G ^(U) be the characteristic function 
l(o, t) ■ We now consider the two systems (i 1 , fi 2 G SGY([0, +oo), U; R) defined by 

V\...t m ■= S( p ( tl ),...,p(tm)) and /*ti.. .tm :=S (o,...,o)+u(p( tl ),...,p(t m )) 
for every finite sequence < t\ < t 2 < ■ ■ ■ < t m . Note that for every < t < t\ 

(\0i-6\,^) = (\0 1 -0\,p$ tl )= ( \p(t 1 )-p(t)\dx = h-t, 

Jo 

which shows that both fi 1 and fi 2 are absolutely continuous. Moreover, for every / G 
C hom (UxRxR) and every < t < h we have 

(f(x, , n), n\ tl (x, e, e 1 , „)> = f f(x, p{t ^-f ] ,i)dx = 

Jo 

= [ f(x,0,l)dx + j±r t [ f(x,l,h-t)dx+ [ f(x,0,l)dx 
Jo Jt Jti 

and 

(f(x, d ^, v ),n 2 ttl (x,e,e 1 , v ))= f f(x,o,i)dx+ ['fix, p(t ilzf\ o)dx 

Jo Jo 

= [ f( x ,0,l)dx +T ±- t f 1 f(x,l,0)dx. 
Jo Jt 

It follows that 

km (/(x,^5f,77),/4 ti (x, Mi,r?)> = lira (fix,^^), t i 2 ttl (x,e,9 1 ,r ] )) = 

ti— »£+ ti — ►£+ 

= f f(x,0,l)dx + f(t,l,0), 
Jo 

wkick yields 

iA = At = <5o + u 5 i 

Y 

for every t G [0, +oo) . We point out tkat, altkougk = <5 , the finite part of n\ , which 

coincides with fj,\ itself, evolves in time. 
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5. An example 
In this section we assume that C is isotropic, which implies that 

C£ = 2/i£ D + K(ixt)I 
for some constants \i > and k > . We also assume that 

g:={(q C)eM ^ 2 xR:|qj 2 + C 2 <l}, 

v(e) ■.= \- i^TTP, r Q :=dn, r i: =0. l ' j 

Let us fix a constant 9q > and a 2x2 matrix £o with tr£o = 0. We assume that the 
symmetric part £q of £o is different from . We will examine the globally stable quasistatic 
evolution corresponding to the boundary datum 

w(t, x) := t£ x , 

and to the initial conditions 

uq(x)=0, e Q (x)=0, po(x)=0, z a (x)=9 . 

Theorem 5.1. Assume that C, K , V , T , Ti, 8 , £ , Co > w > u o > e o , Po, an d z o satisfy 
the conditions considered at the beginning of this section. Let 

and let u, e, p, be defined by 

u(t, x) := t£ x , e(t, x) := a(t)$ , 

p(t,x) := [3(t)$ , z^i^x) := -±\p(t,x)\ , 



where 



a ( t ). = J* forte[0,to], /?(«)■= J ° forte[0,t ], 



t for t G [to, +oo) , [t-t for t G [to, +oo) , 

and let p, G SGY([0, +oo), U; M 2 3 x2 xM) 6e f/ie system de/med fey 

Mt!...t m : = d ((po,zo):...,(po,zo)) + 2 W ((p(ti),*oo(ti)),...,(p(t ro ),*oo(t ro ))) + 

+ 5 a; f(p(t 1 ),- Zoo (t 1 )),...,( P (t m ),- Zoo (t m ))) 

/or every finite sequence ti,...,t m with < ti < ••• < t m . Then (u, e,/Lt) is a globally 
stable quasistatic evolution of Young measures with boundary datum w and initial condition 

Mo = %>o,zo) ' 

Proof. By (3.11) and (5.1) we have 

^ cff - {(a, C) G MfxR : \a\ < % |fl < V^W \} ■ 
By (3.9) we have 

H eS (£, 0) = ^ 1^1 for every £ G M 2 ^ 2 . 
Thanks to (5.2) the function (u,e,p) satisfies condition (b) of [3, Theorem 6.1] for the 
dissipation function £ i— » if e ff(£, 0), therefore it is a quasistatic evolution for the same 
dissipation function according to [3, Definition 4.2]. It follows, in particular, that 

fi(e(t)) < G(e(t) + e) + W e ff(p, 0) (5.3) 

for every t G [0, +oo) and every (u, e,p) G A reg (0) . Since ff e ff is convex and even, we have 
H cS (p,0) < H eS (p,z) for every z G L^fi). From (3.4) and (5.3) it follows that 

Q(e(t)) < Q(e(t) + e) + W(p, 5) + V(z + z ) - V(z ) = 

= Q(e(t) + e) + H(p, z) + ({V}(8 + V z(x), rj) - {V}(6, 77), n t (x, £, 6, rj)) , 

which gives the global stability condition (evl) of Definition 4.6. 
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Let us prove the energy balance (ev2). Since for < t\ < £2 we have 



+ |0 2 -0i| 2 , /** lt2 6, 0i, 6, fe, »?)> - ^Hp(*2) - p(h)h , 

we deduce that 

%0M,T) = -?=^ ||j»(t)||idt. 

Therefore, if T G (0, to] condition (ev2) is satisfied, since 

Q( e (T)) = M r 2 |^| 2 £ 2 (r!), Q(e(0)) = 0, %( M ;0,T) = 0, 

^(x, C, (9, »?)) - V(z ) - ({V}(8, V ),fi (x, C, (9, v)) , 

f (<r(t),Ew(t))dt= f 2vt\£, s \ 2 £ 2 (tydt = nT 2 \e \ 2 C 2 (n) . 
Jo Jo 

If T G [to, +00) condition (ev2) is satisfied, since 

Q(e(T)) = /4|^| 2 £ 2 (fi) , V H (n;0,T) = A (T _ f )|^|£ 2 (Q) , 

({V}(M),/Mz,£,M)) = V(*b) + V 00 (z 00 (T)) = V(zo) - ^=(T - *o)|€SI^ 2 (^) , 
Q(e(0)) = , ({V}(0, r,), Mo (x, (9, r?)) - V(z ) , 
/ (a(t),Ew(t))dt= [ ° 2fit\$\ 2 £ 2 (fl)dt + f 2iit \Q\ 2 L 2 {Vl)dt = 

Jo Jo J t 

= f it 2 \e a \ 2 C 2 (n) + 2 M (T - t )t \ti\ 2 £ 2 (n) = M i 2 |^| 2 £ 2 (0) + ^(T - to)|£o s |£ 2 (^) , 

where in the last equality we use (5.2). 

It remains to prove that (u,e, /*) G AK([0, +00), ic) . Let us fix a finite sequence 
t\,. . . ,t m with < ti < • • • < t m . By an algebraic property of M 2 -,* 2 there exist a, b G K 2 , 
with |6| = 1, and a skew symmetric 2x2-matrix q such that £g = a®b + q. Therefore there 
exists a skew symmetric 2x2-matrix u> such that £0 = &Q& + u>. 

For every k G N and ieZwe set 

4:={a:efi:^<6-a;<i^-^} ) 
B i :={a;e f2 : i±l_^ <6 . a; <i±l__i T}; 

A fc :=Ui4. B fe :=U^, C fe :=UQ, 

^a + gx if a; e 4 1 

(kb-x-i- l + i±±)a + qx ifxeB l k UC l k , 



v k (x) :-- 



( if x G 4 , 

so that v k G W 1,0 °(^l; R 2 ) , \v k (x) — ^x\ < \a\/k on 0, Ev k (x) = on , and Ev k (x) = 
k^Q on B k U C k . We note that 

U fc ^ 1 , fcln* - i , fcl Cfc - \ weakly* in M 6 (fi) . (5.4) 

Let Q, k be an increasing sequence of open sets, with union equal to 0, such that < 
dist(Ofc , IR 2 \0) < 2/y/k, and let (p k G C^°(0) be cut-off functions such that (p k ~ 1 on Q k , 
< </?fc < 1 on f2\fifc, and |Vy>fc| < on f2. 
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Let us define 

u k (t,x) := <p k (x)(a(t)€fix + (3{t)v k (x) + tux) + (1 - ip k (x))t^ x , 
p k (t,x) := ip k {x)j3{t)Ev k {x) + (1 - <p k (x))t$ , 
e k (t,x) := Eu k (t,x)-p k (t,x) = ip k (x)a(t)$ + l3(t)Vip k (x) Q (v k (x) - Qx) , 

z k {t,x) := 6 + P{t)e k {x) . 

Then u k (t,x) — > t£ x and e k (t,x) — > a(i)£o uniformly on f2 for every f e [0, +oo) . As for 
p fe and z fe , for every / e C hom (nx(M 2 D x2 xl) m xl) we have 

/ f(x, Vk {h , x) , z k (h , x), . . . , p k (t m , x) , z k (t m , x) , 1) dx = 
Jn 

= I f(x,o,e ,...,o,e ,i)dx + 

JA k nn k 

+ f /( 2; ,/3(ti)fc^,eo + /3(t 1 )fc^|,...,/3(t m )fc^,0o + /3(i m )fc^|,l)^ + 
JB k nQ k 

+ f /(x,/3(i 1 )fc^^o-/3(ii)fc^,...,/3(t m )fc^^o-/3(t m )fc^|,l)(ix + 7e fe = 

JCkDQk 

= I f{x,o,e ,...,o,e ,i)dx + 

J A k nn k 

+ k [ /(ar,/3(t 1 )^,^+/3(i 1 )iJ|,...,/J(i ro Xo^+/3(im)^ ) i)^ 
JB k nn k 

+ k [ /(*,/J(ti)£5,£-/3(ti)JJ|( ,...,P(t m )Z s o , f-0(t m ) l -§,j:)dx + ll k , 
where the remainder IZk satisfies the estimate 

\n k \ < c\\f\\ hom (c 2 (n\n k ) + kc 2 (B k n (n\n fc )) + kc 2 (c k n (n\n k ))) . 

By (5.4) it follows that 

lim / f(x,p k (ti,x),Zk(t 1 ,x),...,ph(t m ,x),z k (t m ,x),l)dx = 

= / f(x, 0,6 , ...,0,e ,l)dx + 
Jn 

+ § [ f(x, /3(h)®, (3(t 1 ) l -§,...,p(t m )^ Q ,(3(t m )^,0)dx + 

+ \ J f(x, (3(^0 , 0(h ) l -§ , ■ ■ ■ , 0(t m )%, (3(t m ) i§ , 0) dx . 
This proves (4.1) and concludes the proof of the theorem. □ 

Remark 5.2. For t > to the globally stable quasistatic evolution described in Theorem 5.1 is 
completely different from the approximable quasistatic evolution presented in [5, Section 7]. 
The globally stable quasistatic evolution contains the terms 

1 C 2 1 £ 2 

2 W ((p(tl),*oo(tl)),...,(P(tm),*oo(tm))) + 2 W ((p(tl ) ,"*oo (tl)) ,.. .,(p(t m ) -Zoo (*m))) ' 

which describe oscillations of p and z with infinite amplitude and frequency while the 
approximable quasistatic evolution is given by ordinary functions, without concentration or 
oscillation effects. Moreover the stress er of the globally stable quasistatic evolution satisfies 

. . V3 & 
cr(t) = — — - for every t > t , 

^ Isol 
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while the stress er of the approximable quasistatic evolution satisfies 
but \cr(t)\ > for every t > t , as shown in [5, Remark 7.7]. 

Acknowledgments. This work is part of the Project "Calculus of Variations" 2006, 
supported by the Italian Ministry of University and Research, and of the research project 
"Mathematical Challenges in Nanomechanics" supported by INdAM. 



References 

[1] Anzellotti G., Giaquinta M.: On the existence of the field of stresses and displacements for an clasto- 

perfectly plastic body in static equilibrium. J. Math. Pures Appl. 61 (1982), 219-244. 
[2] Brczis H.: Operateurs maximaux monotones et semi-groupcs dc contractions dans lcs espaccs dc Hilbcrt. 

North-Holland, Amsterdam-London; American Elsevier, New York, 1973. 
[3] Dal Maso G., DcSimonc A., Mora M.G.: Quasistatic evolution problems for linearly elastic - perfectly 

plastic materials. Arch. Ration. Mech. Anal. 180 (2006), 237-291. 
[4] Dal Maso G., DeSimone A., Mora M.G., Morini M.: Time-dependent systems of generalized Young 

measures. Netw. Heterog. Media 2 (2007), 1-36. 
[5] Dal Maso G., DeSimone A., Mora M.G., Morini M.: A vanishing viscosity approach to quasistatic 

evolution in plasticity with softening. Arch. Ration. Mech. Anal, to appear. 
[6] Goffman C, Serrin J.: Sublincar functions of measures and variational integrals. Duke Math. J. 31 

(1964), 159-178. 

[7] Han W., Rcddy B.D.: Plasticity. Mathematical theory and numerical analysis. Springer Verlag, Berlin, 
1999. 

[8] Hill R.: The mathematical theory of plasticity. Clarendon Press, Oxford, 1950. 
[9] Kachanov L.M.: Fundamentals of the theory of plasticity, Dover, 2004. 
[10] Lublincr J.: Plasticity theory. Macmillan Publishing Company, New York, 1990. 

[11] Luckhaus S., Modica L.: The Gibbs-Thompson relation within the gradient theory of phase transitions. 

Arch. Ration. Mech. Anal.107 (1989), 71-83. 
[12] Martin J.B.: Plasticity. Fundamentals and general results. MIT Press, Cambridge, 1975. 
[13] Meyers N.G., Serrin J.: H=W. Proc. Nat. Acad. Sci. U.S.A. 51 (1964), 1055-1056. 

[14] Mielke A.: Evolution of rate-independent systems. In: Evolutionary equations. Vol. II. Edited by C. 
M. Dafermos and E. Feireisl, 461-559, Handbook of Differential Equations. Elsevier/North-Holland, 
Amsterdam, 2005. 

[15] Mielke A., Ortiz M.; A class of minimum principles for characterizing the trajectories and the relaxation 
of dissipativc systems. ESAIM Control Optim. Calc. Var., to appear. 

[16] Mielke A., Roubi'cek T., Stefanclli U.: T -limits and relaxations for rate-independent evolutionary prob- 
lems. Calc. Var. Partial Differential Equations, to appear. 

[17] Reshetnyak Yu.G.: Weak convergence of completely additive vector functions on a set. Siberian Math. 
J. 9 (1968), 1039-1045. 

[18] Rockafcllar R.T.: Convex Analysis. Princeton University Press, Princeton, 1970. 

[19] Tcmam R.: Mathematical problems in plasticity. Gauthier-Villars, Paris, 1985. Translation of Problcmcs 
mathematiqucs en plasticitc. Gauthier-Villars, Paris, 1983. 



(G. Dal Maso, A. DeSimone, M.G. Mora, and M. Morini) SISSA, Via Beirut 2-4, 34014 Trieste, Italy 
E-mail address, Gianni Dal Maso: dalmasoasissa.it 
E-mail address, Antonio DcSimonc: desimoneSsissa.it 
E-mail address, Maria Giovanna Mora: mora9sissa.it 
E-mail address, Massimiliano Morini: moriniasissa.it 



